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1 Introduction

Statistical analysis forms a fundamental part of contemporary medical re-
search. Similarly to other disciplines, these methods are constantly evolving and
facing new challenges. My dissertation provides two examples.

The primary part presents the development of new metrics to assess the risks
of patients with type 1 diabetes based on a novel approach utilizing extreme value
statistics (EVS). This is a lesser known branch of statistics focusing on the dis-
tributions of rare observations with unusually low or high values. This could find
applications in medicine [1], where extremes naturally have an important role, as to
some extent diseases are non-normal conditions leading to some biomarkers reaching
abnormal levels.

Despite that, to my best knowledge, there were only two examples of the use
of EVS methods in clinical medicine prior this study: an analysis on cholesterol
levels [2] and a study on pneumonia and influenza deaths [3], both were published
relatively recently.

In contrast, in other fields, where – similarly to medicine – such rare, extreme
events have an overwhelming impact [4] there is widespread use of EVS, for example
in architecture [5, 6, 7], weather and climate analysis [8, 9, 10] or in sports or finance
statistics [11, 12, 13].

The lack of sufficient data is a serious barrier in the wider application of EVS
in biomedical field, as in most cases, important biomarkers are those that require
some sample taken which is typically followed by a complex and expensive process
to analyse that, thus limiting the number of samples. Additionally, because of the
rarity of the extreme events, they form just a fraction of the total sample, thus have
much smaller effective sample size, therefore their analysis could be exceptionally
difficult.

Advances in measurement technology make diabetology an exception. With
the widespread availability of continuous glucose monitoring (CGM), high-frequency
(typically 5 minutes sampling time) and longer-term (up to weeks or months, even
in routine clinical practice) measurements became possible and gone into clinical
practice relatively long time ago [14, 15].

The current practice of the assessment of continuous glucose monitoring results
uses several indicators which enable the rapid evaluation of the CGM measurements
collected for several days or weeks [16, 17, 18, 19, 20, 21]. These metrics, however,
mostly focus on overall variability, not specifically on extremities which is not nec-
essarily the same. A patient’s variability can be very high, even if the blood glucose
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level is never in the extreme range, or the opposite could also occur (although this is
highly unlikely), with the patient spending a lot of time in extreme range with very
low variability. Thus, these metrics are not really appropriate to capture this aspect
and far less the associated (hidden) risks of high glucose levels (hyperglycaemia).
Even those metrics that do account for extremities (such as time spent above range
for hyperglycaemia) are usually very simply – and ad hoc – indicators mathemati-
cally speaking, which do not incorporate the statistical knowledge on the behavior
of extremities.

In contrast to these metrics, EVS allows the estimation of the probability that
a future measurement exceeds a certain threshold (which is the relevant factor for
hyperglycaemia), even if such value was never observed in the sample. This can
be used to calculate the probability that the patient’s blood glucose will be above
a threshold in a given time span (e.g., in 1 year) and directly give the expected
time spent above the threshold in the interval too. Taken together, these raise the
possibility that metrics based on EVS are more useful to accurately characterise the
diabetes related risks. This approach is based on a more sophisticated statistical
foundation, addressing the extremes directly [11, 3, 22, 23].

2 Objectives

The main objective of this study was to develop novel, more accurate, easily
understandable metrics with more robust mathematical foundation, based on EVS
approach that focuses on the extremes of glucose measurements instead of the tra-
ditional metrics used in current practice for the assessment of CGM data. In order
to do this, one of the first steps was the examination the theoretical background,
and the assessment and comparison of the two main EVS methods, namely the ”the
peak over threshold” and the ”block maxima” approaches in terms of applicability
to the problem.

After these preliminary investigations, the applicability of the novel EVS based
metrics was elaborated and demonstrated using the large sample of the REPLACE-
BG trial containing 14.8 million measurements of 226 patients with type I diabetes.
To my best knowledge, this is the first such application of an EVS based analysis, and
it allowed the comprehensive comparison of the traditional and the novel metrics.

Using these results, patient level risk assessment was carried out by assessing
the probability of reaching, and the time spent above clinically important levels of
glucose. In addition to determining the correlation between the metrics, a further
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objective was to identify and compare the group of patients with the highest risk
according to the EVS analysis with the group with the highest risk according to
the traditional metrics. The analysis was also planned to be extended to more com-
prehensive analyses with the use of non-stationary models, which made it possible
to add patient level baseline clinical characteristics to the model in order to esti-
mate their effects on the glucose level. Furthermore the analysis was extended to
the validation of the data as well and the question of statistical independence was
investigated with regards to the time-series nature of the CGM measurements.

Apart from the EVS related analysis presented in detail, the statistical aspects
of another, advanced regression modelling of clinical trial data was presented. In
this case, the statistical independence also played an important role and was the
motivation for need of complex methods. In that part, these statistical aspects of
primary analysis of the RECITAL trial were presented which was a contemporary,
multi-centered, randomised, controlled trial.

3 Methods of investigation

The above mentioned two main approaches of EVS have many similarities but
the most important is that they both use a secondary sample that is taken from
the raw data which gets analysed and their names reflect the way this secondary
sampling takes place.

Namely, the Peak Over Threshold (POT) approach uses a chosen cut-off level
and takes only the observed values over that level as the secondary sample, while
the block maxima (BM) approach splits the data to equal sized, non overlapping
blocks of observations and takes the maximum (or minimum) of each block as the
secondary sample to analyse.

Historically the BM approach was discovered and used first when the be-
haviour of extreme values was formally described, initially by Ronald Fisher and
Leonard Henry Caleb Tippett in 1928 [24]. Their findings were later proven by Boris
Vladimirovich Gnedenko in 1943 [25]. Together these form the so-called Fisher–Tip-
pett–Gnedenko theorem which establishes that if there are constants with which the
maximum of independent and identically-distributed random variables can be lin-
early transformed so that this renormalized variable converges to a non-degenerate
distribution, then this distribution must be one of the following:
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Here µ ∈ R is the location, σ > 0 is the scale and ξ ∈ R is the shape parameter.
Fortunately these distributions are closed under linear transformation, so instead
of saying that the transformed maximum converges, we can say with the above
formulation that the maximum converges to one of the above distributions without
loss of generality, as location and scale parameters have to be estimated from the
sample anyway.

The distribution presented above is called the Generalized Extreme Value
(GEV) distribution. It covers three special cases based on the value of ξ, which are
the following:

1. Frechet distribution (ξ > 0):
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2. Weibull distribution (ξ < 0):
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3. Gumbel distribution (ξ = 0):

F (x) = exp
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While this formulation is suitable for analysis from the probability theory
point of view, in statistical investigation the maxima has to be estimated. A sample
is needed, so we can’t simply take the maximum of the whole series, and that’s
where the BM approach first appeared, i.e., block maxima were used to capture the
distribution of maxima.

The GEV distribution is described by three parameters: shape, scale and lo-
cation. When we fit a model to the available empirical data (sample) the values
of these parameters – and its uncertainty – has to be estimated. Several statisti-
cal methods can be used, but most commonly the maximum likelihood estimator
(MLE), the L-moments and the Bayesian method are in used in practice[26, 27].

5



MLE is an often-used method due to its relatively good properties and its simplic-
ity, and can be used for large data sets where other, more computationally intensive
methods are not feasible. The L-moment method is based on the linear combina-
tions of probability weighted moments, while the Bayesian approach utilizes the
well-known Bayes theorem, to obtain the posterior distribution of the parameters
using the information in the sample and a prior distribution.

Using the other main approach, the secondary sample of the Peak Over Thresh-
old (POT) method asymptotically follows a so-called Generalised Pareto distribution
(GPD) that was first introduced by James Pickands III half a century after Fisher
and Tippett’s work, in 1975 [28]. He has shown that that the behavior of these
extreme values after the POT re-sampling follows the following probability law:

P (X − u < y|X > u) ≈ 1−
(
1 +

ξy

σ̃

)−1/ξ

,

where ξ is the shape and σ is the scale parameter.

4 New scientific results

4.1 Thesis group 1

Thesis 1.1 I developed a novel approach that focuses on the maximums of
Continuous Glucose Monitoring (CGM) measurements rather than the vari-
ability used by the traditional metrics of diabetology with the use of extreme
value statistics (EVS). I have shown using a simulated dataset that the EVS
with the peak over threshold (POT) approach can be used to characterise
CGM curves and produce clinically relevant metrics to describe patient level
risks by estimating the probability for a new peak to exceed a certain threshold,
however, the choice of the threshold might be problematic.

Related publication: [29].
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Thesis 1.2 I used, for the first time, the block maxima (BM) approach of EVS
to characterise CGM curves. I have proven that it can also provide clinically
relevant estimates that can be used as metrics to assess patient level risks and
have many advantages over POT method. The estimated probability and the
estimated time spent over certain, chosen thresholds can be calculated. These
thresholds and estimates can be beyond the range of the CGM measurements.
The analysis was conducted on real-life dataset.

Related publications: [29, 30].
Through this analysis, the concept of using EVS with BM approach to assess

the quality of glucose control based on a CGM curve, thus the attributed risk to some
extent, been successfully proven. However, it became clear that the BM approach
has an important advantage over the POT approach and it can lead to clinically
more relevant metrics. It can directly reflect the probabilities of reaching certain
extremes and the amount of time spent above certain glucose levels for each patient
even if it’s beyond the observed range. POT enables us to calculate estimates for the
probability of reaching certain extremes but does not take into account the extremes’
occurrence in time, therefore it is less suitable for patient-level assessment.

4.2 Thesis group 2

Thesis 2.1 I applied the block maxima (BM) approach of EVS to a large
sample of 226 patients from the REPLACE-BG clinical trial with CGM curves
containing over 14.8 million observations. For the first time, EVS metrics were
compared to widely used traditional metrics for patient level risk assessment of
hyperglycaemia using real-life data. In general, a relatively weak or moderate
correlation was found between the EVS and the traditional metrics.

Related publications: [29, 30, 31].

Thesis 2.2 The patients with the highest risk according to the new EVS
metrics had only moderate scores according to the traditional metrics. A fur-
ther investigation of these measurements have shown that these were heavily
affected by saturation caused by the detection limit of the CGM sensor. Sub-
sequent analysis shown that EVS metrics were more sensitive to simulated
decrease of these saturation levels.
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Related publication: [31].

Thesis 2.3 Similarly to regression type analyses, coefficients can be added
to EVS models as well to investigate their effect on the modelled outcome. I
investigated the effect of body mass index (BMI) on blood glucose maxima.
A statistically significant effect was found with higher BMI being associated
with higher values of hourly maxima of blood glucose levels.

Related publications: [31, 32].
The utilization of the data of REPLACE-BG which contains more than 14.8

million real-life CGM measurements was a huge boost in the effort to develop and
prove the applicability of the EVS methods for such analysis. This analysis and
its results were the first to my best knowledge where EVS was applied in diabetol-
ogy, and on a particularly large dataset. The results of the new EVS metrics were
compared with some of the most important and widely used traditional metrics
used to assess CGM measurements and to provide patient level information. It was
successfully demonstrated that EVS enables the characterisation of CGM measure-
ments focusing on the more relevant extremes in terms of hyperglycaemia risk; this
was used to create relevant and clinically easily interpretable patient-level summary
metrics.

The validity of the CGM measurements were checked with a large number
of available confirmatory blood glucose measurements with special attention to the
upper detection limit which was proven to be an important limitation for the CGM
sensor with measured values saturated at 400 mg/dl. An analysis was conducted
simulating the effect of lower detection limits – thus lower saturation points – for the
CGM measurements and in general the new EVS metrics were proven to be more
sensitive to this effect compared to the traditional metrics.

Additionally, by utilising another type of analysis using the extreme value
approach, is also possible to assess the impact of different individual clinical char-
acteristics or treatments in a more precise and practical way using non-stationary
models. This analysis have shown a statistically significant effect, with higher body
mass index being associated with higher glucose maximums.
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4.3 Thesis group 3

Thesis 3.1 I presented a mixed effects regression modelling strategy as a well-
founded and more suitable solution than the possible alternatives to model a
three-level, clustered, hierarchical data structure of a clinical trial. Through
this, a reliable statistical analysis was conducted and published on a contempo-
rary, multi-centered, randomised, controlled trial which was the first large scale
study to assess the effectiveness of rituximab compared to cyclophosphamide
for the treatment of interstitial lung disease associated with connective tissue
disease.

Related publication: [33, 34].
This section focuses on the problems of statistical independence which was

also investigated regarding the time-series data used for the EVS analysis but in a
different setting. As in this clinical trial there were continuous outcomes with mul-
tiple measurements taken for each patient during the follow up and these could not
be treated as independent measurement, ordinary regression models and statistical
methods would not suitable for the analysis. A further twist is that these observa-
tions were also nested on a third level, by the patients’ recruiting hospital (which
might have even more important role as lung function outcomes were measured by
spirometers), which made the use of other statistical methods commonly used for
repeated measurements unadvised for this analysis. Further advantages of the pre-
sented approach is that it enables the use of all available data, including data with
missing observations, and the handling unequal group sizes which is inevitable in
real-life clinical settings. It also allows adding further covariates to the model. This
adds more flexibility and robustness to the analysis which is exceptionally useful
in a clinical trial setting where ideally the details of the analysis are planned and
pre-specified upfront, with limited or no knowledge of the actual data. Besides it’s
advantages, the mathematical background and difference of mixed effects models
compared to linear regression was also presented through an illustration, which pro-
vided a detailed explanation on how it is able to model these relationships when the
assumptions of the independence of observations are not met.

5 Practical applicability of the results

Through the EVS and its block maxima approach, novel metrics were devel-
oped which are easily interpretable tools for patient level risk assessment of high
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glucose levels as they can directly estimate the time spent above certain, clinically
important thresholds, even if these were never attained in the sample. This is a
mathematically better founded and more sophisticated approach than the – mostly
simple and ad hoc – classical metrics, and, importantly, the patients identified as
being of the highest risk were different according to the novel and the traditional
metrics. It was noted that the detection limit of the sensors might have an impor-
tant role as the measurements of the patients with the highest risk through the EVS
metrics had been heavily affected by the upper detection limit of the sensor.

Furthermore, the analysis was extended with the assessment of the relationship
between the body mass index and the hourly maximums of glucose measurements
with the use of non-stationary models. This analysis have shown statstically signif-
icant association between higher body mass index and higher glucose maximums.

During this process, an error was discovered in the statistical software package
used for the analysis which led to incorrect results in the calculation of one of the
traditional blood glucose variability metrics. This had far-reaching consequences
since this package is relatively widespread for the analysis of glycemic variability
and this error affected the primary results of at least two published clinical trials.
The author of the package has been contacted who confirmed these findings and
fixed this error in a later version, and the authors of the two published trials have
been also been notified.

The last part of this work contains another, different biomedical application
of statistical modelling of clinical trials. Because of the repeated measurements and
nested setting of the presented trial, it required the use of a three level, hierarchical,
mixed effects regression model. This method’s background, the alternatives and the
reasons behind this choice were presented. The key issue regarding this question
was statistical independence which also appeared in the EVS analysis but in a very
different context. The presented work was the actual main analysis of a clinical
trial, so amongst meeting the requirements of the relevant guidelines, most of the
decisions regarding the analysis had to be set early on, with no or limited knowl-
edge of the data, meaning substantial difficulties compared to other applications of
statistics. Thus the flexibility and robustness of reasonable regression models played
an important role in this matter. Ultimately, this analysis provided a well-funded,
scientific evidence on the effectiveness and safety of a novel treatment compared to
standard care for a potentially life-threatening lung disease.
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