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Chapter 1

Introduction

The study of partial differential equations had already appeared within the analysis of
physical models in the works of Euler, Lagrange and Laplace by the 18th century. Mo-
tivated by mathematical and physical problems, PDEs became an essential research area,
both as standalone mathematical discipline as well as modeling various problems in physics,
providing a bridge between pure mathematics and applications.

Arising in the context of several natural phenomena, PDEs have some well known,
famous applications, like wave, Schrodinger, Maxwell, diffusion, Monge-Ampeére and
Navier-Stokes equations, respectively. The Laplace equation modeling the stationary state
of the heat equation is the most simple variant of the elliptic class of PDEs besides the
Poisson equation. The elliptic class of problems being generalization of the Laplace equa-
tion, is suitable to describe equilibrium states, or problems which are independent from
the time. Mechanical or physical applications often induce not only continuous, but also
discontinuous functions, where the idea is to "fill the gaps” of the discontinuities with a
set-valued generalized gradient of a locally Lipschitz function, e.g. von Kdrman laminated
plates problem, where the external force acts on adhesively connected laminated plates,
analysed by Bocea, Panagiotopoulos and Radulescu [9]. In this way, the appearance of
non-smooth problems (thus, set-valued mappings) induces differential inclusions rather
than differential equations.

Elliptic PDEs are usually studied on Sobolev spaces combined with powerful vari-
ational methods. Analyzing some fine properties of the energy functional associated to
the studied problem, and exploiting variational methods like minimax or minimization

principles, we may find critical points and prove in this way existence, uniqueness and
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multiplicity results. In case of discontinuous functions, non-smooth variational methods
should be applied.

The primary objective of the thesis is to present recent research results in the study of
elliptic differential inclusions. Applying recent geometrical researches, we show how to
apply variational methods not only on Euclidean spaces but also on curved cases.

The thesis is based on the following papers:

(1) A. Kristaly, I.I. Mezei and K. Szildk. Differential inclusions involving oscillatory
term. Nonlinear Analysis, 197 (2020), 111834. [D1 publication]

(11) K. Szilak. A non-smooth Neumann problem on compact Riemannian manifolds.
SACI 2021 IEEE 15th International Symposium on Applied Computational Intelli-

gence and Informatics.

(i) A.Kristaly, I.I. Mezei and K. Szildk. Elliptic differential inclusions on non-compact
Riemannian manifolds. Nonlinear Analysis-Real World Applications, 69 (2023),
103740. [D1 publication]

(iv) K. Szildk. Schrédinger-Maxwell differential inclusion system. SACI 2023 IEEE
17th International Symposium on Applied Computational Intelligence and Infor-

matics.

(v) A. Mester, K. Szilak, A Dirichlet inclusion problem on Finsler manifolds, CINTI
2023, IEEE 23rd International Symposium on Computational Intelligence and In-

formatics, November 20-22, 2023, Budapest, Hungary.

In the sequel a brief overview follows about the chapters. The thesis contains six chap-
ters. Chapter 2 is devoted to present those results and notations which are indispensable
in our investigations. In more details, this chapter gives a brief introduction into the cal-
culus of locally Lipschitz functions, Riemannian manifolds, Sobolev spaces, functional
inequalities and spectral estimates.

In Chapter B, motivated by mechanical problems — where the external forces are non-
smooth — we study an elliptic inclusion problem with a non-smooth oscillatory and a non-
smooth, generic, p-order perturbation function in two settings. First, we consider the case
when the oscillatory term oscillates near to the origin and the perturbation is of order p > 0

at origin. Applying various non-smooth variational methods, we provide a quite complete
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picture about the number of distinct, non-trivial weak solutions for the studied problem,
depending on parameters p, A and k, and we also prove a novel competition phenomena.
As a counterpart, we also prove similar results whenever the nonlinear term oscillates at
infinity and the perturbation is of order p > 0 at infinity. This chapter is based on the
paper by Kristaly, Mezei and Szilak [27].

In Chapter [, considering a non-smooth elliptic problem on Riemannian manifolds, we
discuss a differential inclusion, as a new application of a recent non-smooth Ricceri-type
result. We prove that the studied inclusion problem has at least three distinct weak solu-
tions whose norms are controlled whenever a suitable perturbation occurs. This chapter
is based on Szilak [48].

Chapter [ is devoted to focus onto a broad class of curved spaces. More precisely,
we consider both Cartan-Hadamard manifolds and non-compact Riemannian manifolds
with non-negative Ricci curvature. Within these geometric settings, we study an elliptic
inclusion problem involving a singular term and a non-smooth nonlinearity, by proving
various non-existence and existence results. In particular, four non-trivial G-invariant
weak solutions are established in the above two settings (where G is a certain subgroup
of isometries of the Riemannian manifold). In the first case, the nonlinear term is sub-
quadratic, meanwhile in the second case it is super-quadratic at infinity. It turns out that
the usual variational methods cannot be applied due to the lack of compactness, which will
be recovered by isometric actions, combined with the principle of symmetric criticality.
This chapter is based on the paper by Kristaly, Mezei and Szilak [28].

In Chapter [, motivated by physical problems, we consider a Schrodinger-Maxwell
inclusion system involving a non-linear term, which is superlinear at the origin and sub-
linear at infinity. Similarly to Chapter [§, we again focus on Cartan-Hadamard manifolds
and non-compact Riemannian manifolds with non-negative Ricci curvature, respectively.
Introducing a ”’single variable” energy functional, we prove a non-existence result when-
ever the parameter A is small enough, and by compensating the lack of compactness with
isometric actions, we establish two non-trivial weak solutions for the inclusion system

whenever the parameter ) is large enough. This chapter is based on Szilak [49].



Chapter 2

Preliminaries

2.1 Non-smooth analysis

When we are going to work with non-smooth functions, the classical analysis cannot be
used. A wide class of such functions is provided by locally Lipschitz functions on Ba-
nach spaces, whose calculus has been developed mainly by Clarke [[12]. In particular, the
classical Gateaux derivative should be replaced by the generalized directional derivative
in the sense of Clarke. This section is devoted to recall all these notions which will play
fundamental role in our further investigations. Let X be a real Banach space with the

norm || - ||.

Definition 2.1.1. 4 function f : X — Ris locally Lipschitz if every point u € X possesses
a neighborhood U C X such that

[f(ur) = flu2)] < Kllus —wsll,  Vur,up €U, 2.1
for a constant K > 0 depending on U.

Definition 2.1.2. The generalized directional derivative of the locally Lipschitz function
f: X = Ratu e X inthe direction v € X is given by

f2(u;v) = lim sup fw +tv) = f(w)‘

w—u t

N0

If f: X — Ris a function of class C! on X, then f(u;v) = (f'(u),v) for all
u,v € X. Hereafter, (-,-) and || - ||, stand for the duality mapping on (X*, X') and the

norm on X *, respectively.
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Definition 2.1.3. The Clarke subdifferential Of(u) of f at a point u € X is the subset of
the dual space X* given by

Of (u) == {f € X*:(6,v) < fOusv), Yo € X}.

Proposition 2.1.1. (Clarke [[12]) Let f : X — R be a locally Lipschitz function. The

following assertions hold:

(i) Foreveryu € X, 0f(u) is a nonempty, convex and weak*-compact subset of X*.
Moreover, ||£|. < K forall € € Of (u), with KK > 0 from (2.1)).

(ii) Foreveryu € X, fO(u;-) is the support function of O f (u), i.e.,
fO(usv) = max{(¢,v) : £ € Df (w)}, Vv e X.

(iii) The set-valued map Of : X ~» X* is weakly* closed. In particular, if X is finite

dimensional, then O f is an upper semicontinuous set-valued map.
(iv) The function (x,v) — f°(x;v) is upper semicontinuous.

(v) (Lebourg’s mean value theorem) Let U be an open subset of a Banach space X and
u, v be two points of U such that the line segment [u,v] = {(1 — t)u +tv : 0 <

t <1} c U. If f : U — Ris a Lipschitz function, then there exist w € (u,v) and
¢ € Of (w) such that f(v) — f(u) = ({,v — u).

i) If g : X — Riis of class C* on X, then O(g + f)(u) = ¢'(u) + 0f(u) and (g +
12w 0) = (¢'(u),v) + fO(u;v) for every u,v € X.
vii) (—f)°(u;v) = fO(u; —v) for every u,v € X.
(viii) O(sf)(u) = sOf(u) for every s € R and u € X.

(ix) Chain rule: let us consider the composite function f = g o h where h : X — R"
and g : R™ — R are given functions. Let denote h;, i € {1, ...,n} be the component
Sunctions of h. We assume h; is locally Lipschitz near x and g is too near h(z).
Then f is locally Lipschitz near x as well. Let us denote by «; the elements of Og,

and let o = (ay, ..., ), then

Of (x) CTo{ Y _ &+ & € Ohi(x), a € Ag(h(x))},

where co denotes the weak-closed convex hull.
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2.2 Riemannian geometry

Riemannian geometry studies smooth manifolds equipped with a family of inner products.
Assigning an inner product to each tangent space on a smooth way, the objective of the
Riemannian geometry is to understand deep relationships between distance, volume, cur-
vature, geodesics, Jacobi fields, exponential maps, etc.; for comprehensive materials, see

e.g. Jost [20] and Lee [34].

Definition 2.2.1. Let M be a smooth manifold. T, M denotes the tangent space at v € M,
and TM = \J,c,, ToM is the tangent bundle.

Definition 2.2.2. Let M be a smooth manifold. If M is endowed with a correspondence
g which assigns an inner product (i.e. symmetric, bilinear, positive-definite form) g, :
T.(M) x T,(M) — R to each tangential space T, M at x € M such that the mappings
gij(z) = <8%i : %} is of class C™, then the metric g is called Riemannian metric. In this
case, (M, g) is a Riemannian manifold.

Definition 2.2.3. Let (M, g) be an n-dimensional Riemannian manifold and x € M.
If u,v € T, M are two linearly independent vectors of T,,M, then for the subspace S,

spanned by u and v, the sectional curvature is defined by

K(S) = Rm (v, w,w,v)

Y

v A w|

where Rm,, stands for the curvature tensor.

The sectional curvature K of (M, g) is bounded from below if for all z € M and

u,v € T, M there exists some ¢ € R such that K(u, v) > c.

Definition 2.2.4. Let (M, g) be an n-dimensional Riemannian manifold. Assuming that

€1, ..., en is an orthonormal system of T, M, the Ricci curvature in the directionv = e; €

T, M is defined by
Ric,(v) = ZK(% v).
i=2

The Ricci curvature Ric of (M, g) is bounded from below if for all z € M and v €

T, M there exist some ¢ € R, such that Ric,(v) > c¢; in this case we denote Ric(asq) > c.

Definition 2.2.5. Let d,(x,y) be the Riemannian distance function associated to the Rie-
mannian metric g. The open geodesic ball with center x € M and radius r > 0 is defined

by By(r) ={y € M : dy(z,y) <r}
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Let (M, g) be a Riemannian manifold, and % is an integer. The k — th covariant
derivatives of the function u € C*°(M) is denoted by V’g“u (with Vgu = u).

The Laplace-Beltrami operator defined by A ju = div(V  u) can be expressed in the
local coordinates (2°, ..., z") as

D?u . Ou
xiOxi G Qak

Agu = gija

The volume of the subset D C M is given by V(D) = [, 1dv, in (M, g), where dv, is

the canonical volume element of (M, g).

Definition 2.2.6. If Ric(ys4) = 0, the asymptotic volume ratio is given by

B,
AVR 1 — lim LaBer)

)
r—00 Wpr™

where w, = /% /T (1 4 n/2) is the volume of the Euclidean unit ball in R".

Due to the Bishop-Gromov comparison principle, the asymptotic volume ratio is well-
defined, and AVR (54 € [0, 1] provides deep geometric information about the manifold;
for instance, AVR(yr4) = 1 if and only if (M, g) is isometric to the Euclidean space R".
Quantitatively speaking, closer value of AVR ;) to 1 implies topologically closer man-
ifold (M, g) to the Euclidean space R", expressed in terms of the trivialization of higher

homotopy groups of M, see Munn [40].

2.3 Sobolev spaces

Sobolev spaces play an important role in PDEs, allowing us to study weak solutions of
differential equations, even when there is no solution in the classical sense.

Before defining the Sobolev spaces, we recall the notion of weak derivatives.

Definition 2.3.1. Let assume that Q) C R". D% € L}, .(Q) denotes the o' weak deriva-

tive of the function u € Li,.(Q), if for all test functions v € C5°(Q)

w(z) D (z)dz = (—1) “u(x)v(z)dr
[ u@preta)ds = (0! [ Druayotayds,

where D% =

laf = 22;1 Q.

- “wr and o = (ou, . . ., ) stands for multi-indexes with the notation
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Definition 2.3.2. Let () C R" be an open domain, k be a non-negative integer, and 1 <

p < 00, the Sobolov space is defined by the set
WEP(Q) = {u € LP(Q) : D%u € LP(Q),|a| < k}.

The W} is the closure of CS° in the space W*?. The Sobolev space W"?(Q) is

equipped with the norm

hSA

Jullr = | 30 / D*ufPdx
Q

|or| <k
For p = oo, the norm is the usual sup-norm. When p = 2, the Sobolev space W*2(Q) is

a Hilbert space, denoted by H*(2), equipped with the scalar product

U, V) gk = D%uD*vdzx.
wom =3 [

k<ol

In particular, the Sobolev space H'! has the norm

ol = (/Q u? + <Vu)2dx);

(u,v) g1 = / uv + VuVudz.
Q

and scalar product

Note that the Sobolev space is a Banach space, being reflexive whenever 1 < p < oo.

2.3.1 Sobolev spaces on Riemannian manifolds

Definition 2.3.3. Let (M, g) be a Riemannian manifold. With a non-negative integer k

and any 1 < p < oo, the Sobolev space H*?(M) is the closure of the space
CHP ={uec C®M):V¥j=0,.. .,k;,/ [ViuPdo, < oo}
M

with respect to the norm

. :
lalln = (S0 / ViupPd, |
j=0 /¢

When p = 2, the space W*?2(M) is a Hilbert space, denoted by H*(M), which is

equipped with the scalar product in local coordinates

k
<U, v)Hl = Z /]\/[ giljl Ce giljl (Véﬂ)uzl (Vév)jlmjldvg.
=0
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2.4 Variational principles

Variational calculus plays a central role in many physical phenomena. It is not only a
powerful tool in the optimization of functionals, but also provides numerous principles and
theorems to treat smooth and non-smooth PDEs. Since we are dealing with non-smooth
problems, the variational calculus becomes a basic tool in our thesis.

Hereafter we collect those principles and theorems, which are required in our studies.
For a comprehensive treatment, see Kristaly, Radulescu, Varga [31]] and Chang [[L1].

In the sequel let X be a Banach space. We start with the definition of the critical point.

Definition 2.4.1. Let ' : X — R be a locally Lipschitz functional. A point x € X is said
to be a critical point of F', if 0 € OF (x).

In the sequel we recall crucial compactness conditions which are used to guarantee

critical points in variational calculus. Before doing this, for the locally Lipschitz function

F, we define m(x) = min{||¢]|. : £ € OF (z)}.

Definition 2.4.2. The locally Lipshitz function F' : X — R satisfies the Palais-Smale
condition at level ¢ € R (in short (PS)..), if every sequence {x,} C X suchthat F(x,) — ¢

and m(x,) — 0, possesses a convergent subsequence.

Definition 2.4.3. The locally Lipschitz ' : X — R satisfies the Cerami condition at
level ¢ (in short (C).), if every sequence {x,} C X such that F(x,) — c and (||z,| +

1)ym(z,) — 0, possesses a convergent subsequence.
Remark 2.4.1. It is clear that (PS). implies (C)..

Theorem 2.4.1. Let X be reflexive Banach space. If the locally Lipschitz function F :
X — R satisfies the (PS). condition with level c and is bounded from below, then ¢ =
infy F' is a critical value of the function F, i.e., there exists x € X such that 0 € OF (z)

and F(z) = c.

A non-smooth version of the famous Mountain Pass Theorem, initially established by

Ambrosetti and Rabinowitz [2], can be stated as follows:

Theorem 2.4.2. (Mountain Pass Theorem) Let X be a Banach space and F' : X — R be

a locally Lipschitz function. We assume that there exist x1 € X, p > 0 and o > 0 such
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that ||z1] > p, F/(0) < 0and
”iﬁlf F(z) > a> F(x).
z||=p

If F satisfies the (C). condition at level

— inf F(y(t
¢ = Inf max (v(t)),

where
I'={yeC(0,1; X) : v(0) = 0, (1) = 1},

then c is a critical value of F, and ¢ > «.

Various forms of Theorem is known in the literature, due to Kristaly, Motreanu
and Varga [29], Motreanu and Panagiotopoulos [39], etc.

Beside the above Mountain Pass Theorem, which guarantees a critical point, we shall
use a Ricceri-type multiplicity theorem for locally Lipschitz functions, see Kristaly, Marzan-

towicz and Varga [25]; its original form for C! functions can be found in Ricceri [44]:

Theorem 2.4.3. (Non-smooth Ricceri’s multiplicity theorem) Let (X, || - ||) be a real
Banach space, X, and Xy be two Banach spaces such that embeddings X — X, and
X — X, are compact. Let A be a real interval, h : [0,00) — [0,00) be a non-
decreasing convex function and assume we have given two locally Lipschitz functions
o1 X1 = R @2 1 Xo — Rsuch that the locally Lipschitz function Ey, : X — R,
Ex, = W] - |]) + A1 + pg o ¢ satisfies the (PS). condition for every c € R, X € A,
pweN+1andg € G, >0, where G, = {f € C'(R,R)|f is bounded, and f(t) =
t forany ¢ € [—7,7|}. Assume that h(|| - ||) + g1 is coercive on X for all X € A\ and
there exists p € R such that

sup inf[A(][ - [|) + AM¢n(z) + p)] < inf sup[A(]| - [|) + Al1(z) + p)];

AeA Z€ T€X NeA
then there exists a non-empty open set A C N and r > 0 with the property that for
every A\ € A there exists jig € [|\| + 1] such that, for each u € [0, o] the functional
Exp = h(|| - ||) + Ap1 + ppo has at least three critical points in X whose norms are less

than r.
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2.4.1 Elliptic PDEs

One can prove that weak solutions of certain elliptic PDEs with boundary value constraints
coincide with the critical points of the energy functional associated to the problem. We
provide a simple (didactic) example to support this fact, which will be used as a guide in

our further studies.

Example 2.4.1. Let 2 C R” be an open domain, and we consider the following Dirichlet

problem
—Au(zx) € OF (u(x)), =€
u(z) =0, x € 0f),

(Po)

where A denotes the usual Laplace operator, and F' is a locally Lipschitz function. The

natural energy functional £ : H}(Q) — R associated to the problem (P;) is defined as

£ = 3llully ~ [ Plut)d.

It turns out that £ is well-defined and locally Lipschitz. Additionally, if v € H} is a
critical point, then 0 € € (u). In particular, for every v € Hj(€2) such that the mapping
r— &u e LYQ), & € OF (u), we have

/QVU(ZE)VU({L')d{L’ — /Qfx(x)v(x)dx = 0. (2.2)

Applying the Green’s theorem with the boundary condition it follows that

/QVu(x)Vv(x)dx: —/QAu(a:)v(av)dw. (2.3)

At this point we may integrate 2.3 into 2.2, and obtain that

_/S]Au(q;)y(q;)dx:/Qfx(x)v(l’)dl’ (2.4)

for all test function v € HJ(£2), which means indeed that u is a weak solution of the

problem (Py).

One can readily observe that, as we mentioned in the introduction, studying PDEs can
be reduced to find critical points of the energy functional associated to the problem. In par-
ticular, analyzing coercivity, Palais-Smail condition, lower semicontinuity of the energy
functional, existence and multiplicity results can be established by variational calculus

(e.g. minimax principle or direct minimization arguments).
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Sobolev compact embeddings can be exploited to prove the Palais-Smale or Cerami
compactness condition. However, in the case when we are dealing with non-compact
settings, this direct machinery is not working. In such cases, the lack of compactness has
to be compensated with certain isometric actions together with the principle of symmetric

criticality, see 2.4.3. In the sequel, we recall these notions/results.

2.4.2 Isometries

Let (M, g) be a Riemannian manifold and Isom, (M) be the group of isometries of (M, g).

Let us assume that GG is a connected subgroup of Isom (), and let
Fix) (G) ={z € M : o(z) = z,Yo € G}

be the set of fixed points of the isometry group G in (M, g). The G-orbit of apointz € M
is Of = {o(z) : 0 € G}. The continuous action of the group G on M is coercive if for
every t > 0 the set O, := {x € M : diam(Of) < t} is bounded, see Skrzypczak and
Tintarev [46, 47]; here diam(S) denotes the diameter of S C M. The action of G on
H'(M) is defined by

(ou)(x) = u(o™(z)) forallo € G,u € H' (M), v € M,

where 0! is the inverse of the isometry o. A function v is said to be radially symmetric
with respect to the point z, € M, if u depends on the Riemannian distance d,,(zo, -).
It is standard to prove that G acts continuously and linearly on H*(M). For instance,

if 01,09 € G, it turns out that for every u € H'(M), 0 € G and = € M, we have

(010 o2)u(z) = ul((01 0 02) "} (x)) = u(oy ' (07 (x))) = (o2u) (07 ' (2))

= (01(o2u))(2).

2.4.3 Principle of symmetric criticality.

Let GG be a compact Lie group acting linear isometrically on the Banach space (X, || - ||),
i.e., the action G x X — X, (0,u) — ou is continuous and for every o € G the map

u +— ou is linear such that ||ou|| = ||u|| for every u € X. Let

Fixx(G) ={u € X : ou =u, Yo € G};
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we notice that Fix,,(G) and Fixx (G) should not be confused. A function h : X — R is
G-invariant, if h(ocu) = h(u) forall o € G and x € X. According to Krawcewicz and
Marzantowicz [22] (see also Costea, Kristaly and Varga [|]13, Section 3.4]), the principle

of symmetric criticality for locally Lipschitz functions can be stated as follows.

Proposition 2.4.1. (Krawcewicz and Marzantowicz [22]) Let G be a compact Lie group
acting linear isometrically on the real Banach space (X,|| - ||) and h : X — R be a
G-invariant, locally Lipschitz functional. If h|g denotes the restriction of h to Fixx(G)

and u € Fixx(G) is a critical point of h|g then w is also a critical point of h.

The smooth version of the principle of symmetric criticality has been provided by

Palais [42] and later extended to various non-smooth settings.

2.5 Functional inequalities and spectral estimates

2.5.1 Cartan-Hadamard manifolds

Throughout this subsection, let (M, g) be an n-dimensional Cartan-Hadamard manifold
(simply connected, complete Riemannian manifold with non-positive sectional curvature),

n > 3.

Embeddings on Cartan-Hadamard manifold

We notice that in this geometric context, there exists C,, > 0 such that

1/2
e < G ([ Wi, e crom,
M

see e.g. Hebey [19, Chapter 8], where 2* = 2n/(n — 2) is the critical Sobolev exponent.
Moreover, the best Sobolev embedding constant (), is precisely its Euclidean counterpart
AT, provided by Aubin [3] and Talenti [50], whenever the Cartan-Hadamard conjecture
holds on (M, g) (e.g. in dimensions 3 and 4). In high-dimensions, the sharp constant
C,, > 0 1is not known; however, a non-optimal form can be given by means of the Croke-
constant as in Hebey [|19, p. 239].

A density argument combined with a simple interpolation shows that the Sobolev space

H'(M) is continuously embedded into L9(M) for every q € [2, 2*]; more precisely, there
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exists K g > 0 such that

ullze < K ||ullgr, Yue HY(M). (2.5)

Hardy inequality

Let o € M be fixed. The Hardy inequality holds on (M, g), which reads as

(n —2)? / u?(x) / 2 1
dv, < dv,, Yu e H (M 2.6
4 v 43 (o, ) o= M IVouldvy, Vu € H(M). (2-6)
where % is sharp and never achieved, see e.g. D’Ambrosio and Dipierro [15], and
Kristaly [24].

McKean’s spectral gap

If the sectional curvature has the property K < —x for some x > 0, then McKean's

spectral gap theorem asserts that

|V yu|*dv,
/M s (1) 2.7)

K.

”y( M,g) = 1nf =
ueHL(M)\{0} / v, 4
M
The inequality (2.7) is sharp, see e.g. on the n-dimensional hyperbolic space H” with
constant sectional curvature K = —#; we also notice that the infimum in (2.7) is not

achieved by any function u € H*(M).

2.5.2 Riemannian manifolds with non-negative Ricci curvature

In this subsection we consider an n-dimensional (n > 3) complete non-compact Rieman-

nian manifold (M, g) with Ricys,4) > 0.

Embeddings on Riemannian manifold with non-negative Ricci curvature

In the geometric context when (M, g) is a complete non-compact Riemannian manifold
with Ric(,s,4) > 0, anecessarily and sufficient condition to have the Sobolev embedding is
the fact that AVR ;) > 0, see Coulhon and Saloff-Coste [14] and Hebey [19]. Moreover,
a recent result of Balogh and Kristaly [6] asserts that if AVR 57,4 > 0 then

_1

1/2
[ullp2r < AVR; ATy </M ]Vgu]2dvg) , Yue HY(M),
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where the constant AVRE]\jg)ATn is sharp; here AT,, stands for the best Sobolev embed-
ding constant in the Euclidean Sobolev inequality on R"”, see Aubin [3] and Talenti [50].
In particular, H'(M) is continuously embedded into L?(M) for every ¢ € [2,2*]; more

precisely, there exists K7 > 0 such that

lullze < K lullpr, Yu € HY(M). (2.8)

Hardy inequality

Given zy € M fixed, the Hardy inequality on (M, g) is verified as

% (TL - 2)2 U2<I') 2 1
AVR(J\/LQ) 4 /M d?](xo,x) dvy < /M |V gu|“dvy, Yu e H (M), (2.9)

see Kristaly, Mester and Mezei [26]. The sharpness of the constant in (2.9) is not known

unless we are in the classical Euclidean setting.

2.5.3 Embeddings on compact Euclidean spaces

Theorem 2.5.1. (Sobolev embedding theorem) Let Q C R™ be an open set of class C*.
The embedding WP (Q) < L4(Q) is continuous, whenever one of the following condi-

tions hold for the real parameters p, q:
() 1<p<nandp < q<p*
(1) p=nandp < q < oo,
(i) n < p < oo and q = o0,

1

where - = 1 — L the number p* being the critical Sobolev exponent.
P n

1
p
Theorem 2.5.2. (Rellich-Kondrachov theorem) Let Q C R"™ be of class C* and bounded.

Then the embedding WP (Q) < L4(Q) is compact, whenever one of the following con-

ditions holds for the real parameters p, q:
(1) 1<p<nandl <q<p*
(i) p=nandp < q < oo,

(i) n < p < ocoand g = oo.
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2.5.4 Embeddings on compact Riemannian manifolds

Theorem 2.5.3. Let (M, g) be a compact Riemannian manifold of dimension n.

(1) (Sobolev embedding theorem) If % > 2 — % then the embedding H*P — L9 is

1
P
continuous.

(i1) (Rellich-Kondrachov theorem) If é > = — % then the embedding H*? — L9 is

1
p
compact.

Theorem 2.5.4. Let (M, g) be a compact n-dimensional Riemannian manifold.

(i) The embedding H*?(M) < Li(M) is continuous if p < q < ~L and compact

whenever p < q < n"—_I;.

(i) If OM # 0, the embedding H*P(M) — L1(OM) is continuous if p < q < I’(H"T;l)
p(n—1)

and compact whenever p < q < S

2.5.5 Embeddings on non-compact Riemannian manifolds

Let (M, g) be a complete, non-compact, n-dimensional Riemannian manifold and G be a
compact connected subgroup of Isom (/). Recalling the main results of Farkas, Kristaly

and Mester [|18], if one of the following curvature conditions hold
(i) (M, g) is a Cartan-Hadamard manifold and Fix,,(G) is a singleton, or
(if) Ric(arg) > 0, AVR(1,4) > 0 and G is coercive,

then the embedding H}, (M) — L(M) is compact for ¢ € (2,2*).
We notice, that the embedding above is also compact for ¢ € (2,2*) whenever the

Ricci curvature is bounded from below and the injectivity radius is positive.
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Differential inclusions - compact case
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Chapter 3

Differential inclusions involving

oscillatory terms

PDEs with perturbations that play central roles in physical and mechanical problems, have
been subject of several investigations. Let consider the following elliptic PDE with per-

turbation
—Au(z) = fu(z)) + Ag(u(z)), =€

u >0, x € (P)
u =0, x € 01,
where A is the usual Laplace operator, {2 C R™ is a bounded open domain (n > 2), and
f : R — R is a continuous function verifying certain growth conditions at the origin and
infinity, g : R — R is another continuous function which is going to compete with the
original function f. When both functions f and g are of polynomial type of sub- and super-
unit degree, the existence of at least one or two nontrivial solutions of (P ) is guaranteed,
depending on the range of A > 0, see e.g. Ambrosetti, Brezis and Cerami [|l]], Autuori and
Pucci [4], de Figueiredo, Gossez and Ubilla [[16]. In these papers variational arguments,
sub- and super-solution methods as well as fixed point arguments are employed.
Another important class of problems of the type (P,) is studied whenever f has a
certain oscillation (near the origin or at infinity) and g is a perturbation.
Although oscillatory functions seemingly call forth the existence of infinitely many
solutions, it turns out that ’too classical’ oscillatory functions do not have such a feature.
Indeed, when f(s) = csins and g = 0, with ¢ > 0 small enough, a simple use of the

Poincaré inequality implies that problem (P,) has only the zero solution. However, when

18
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f strongly oscillates, problem ( Py ) with 0 perturbation has indeed infinitely many different
solutions; see e.g. Omari and Zanolin [41], Saint Raymond [45]. A novel competition
phenomena for the case g(s) = s” (s > 0) has been described for (P)) by Kristaly and
Morosanu [30].

In mechanical applications, in turn, the perturbation may manifest in a discontinuous
manner as a non-regular external force, see e.g. the gluing force in von Kéarman laminated
plates, cf. Bocea, Panagiotopoulos and Radulescu [9], Motreanu and Panagiotopoulos
[39] and Panagiotopoulos [43]. We consider the problem (P,) formulated into a more

general form

—Au(x) € OF (u(x)) + AoG (u(z)), =€ Q;
u>0, e Q; (Dy)
u =0, x € 012,

where F' and GG are both non-smooth, locally Lipschitz functions having various growths,
while OF and OG stand for the generalized gradients of F' and G, respectively.
Extending the main results of Kristaly and Morosanu [30] we study the inclusion (D))
in two different settings, i.e., we analyze the number of distinct solutions of (D, ) whenever
OF oscillates near the origin/infinity and G is of order p > 0 near the origin/infinity.
The organization of the present chapter is the following. In Section 3.1 we state our
main assumptions and results, providing also some examples of functions fulfilling the as-
sumptions. Section 3.2 contains a generic localization theorem for differential inclusions,

while Sections .3 and 3.4 are devoted to the proof of our main results.

3.1 Main theorems

Let F/G : R, — R be locally Lipschitz functions and as usual, let us denote by 0F
and OG their generalized gradients in the sense of Clarke. Hereafter, R, = [0, 00). Let
p > 0,\ > 0and 2 C R" be a bounded open domain, and consider the elliptic differential

inclusion problem
—Au(z) € OF (u(z)) + NG (u(x)), x € Q;

u>0, x € € (Dy)
u =0, x € 0f.
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The cases when OF oscillates near the origin or at infinity are studied in separated

sections.

3.1.1 Oscillation near the origin

We assume that the beforementioned locally Lipschitz functions F and G satisfy the fol-

lowing conditions:

(F) : F(0) = 0;

F(s)
2

(FY) : —oo < liminf, o+ 25 limsup, o+ £5 = +oo;

(F9) : lp := liminf, 4 ™€ g

(GY) : There exist p > 0 and ¢, ¢ € R such that

¢ = liminf™MME €GB} o max{EEEIC()}

s—0+ sP S0+ sP

ol

Remark 3.1.1. Hypotheses (F) and (F9) imply a strong oscillatory behavior of OF near

the origin.

It is easy to prove that 0 € H}(() is a solution of the differential inclusion (D, ).
In the sequel we present a continuous oscillatory function and a locally Lipschitz func-

tion satisfying assumptions (F9) — (F5) and (G) — (GY), respectively:

Example 3.1.1. Let us consider Fy(s) = [ fo(t)dt, s > 0, where fo(t) = Vi(3 +
sint™!), ¢ > 0 and fy(0) = 0, or some of its jumping variants. One can prove that
OF, = f, verifies the assumptions (F)) — (F3). For a fixed p > 0, let Go(s) = In(1 +
sPT2)max{0,cos s7'}, s > 0 and Go(0) = 0. It is clear that Gy is not of class C'! and
verifies (GY) with ¢ = —1 and ¢ = 1, respectively; see Figure representing both fj
and G (for p = 2).
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Figure 3.1: Graphs of fj and GG around the origin, respectively.

In what follows, we provide a quite complete picture about the competition concerning
the terms s — OF(s) and s — OG(s), respectively. First, we are going to show that when
p > 1, then the ’leading’ term is the oscillatory function OF'; roughly speaking, one can
say that the effect of s — 0G(s) is negligible in this competition. More precisely, we

prove the following result.

Theorem 3.1.1. (Kristaly, Mezei and Szilak [27]) (Case p > 1) Assume that p > 1 and
the locally Lipschitz functions F,G : R, — R satisfy (F)) — (F3) and (G)) — (GY). If (i)
either p = 1 and \¢ < —ly (with A > 0), (ii) or p > 1 and X\ > 0 is arbitrary,

then the differential inclusion problem (D)) admits a sequence {u;}; C Hg () of distinct

weak solutions such that
tim [fus g = Tim [fug] 1 = 0.
71— 00 71— 00

In the case when p < 1, the perturbation term JG may compete with the oscillatory

function F'; we have the following theorem:

Theorem 3.1.2. (Kristaly, Mezei and Szilak [27]) (Case 0 < p < 1) Assume 0 < p < 1
and that the locally Lipschitz functions F, G : R, — Rsatisfy (F))—(F9) and (G))—(G)).
Then, for every k € N, there exists N\, > 0 such that the differential inclusion (D) has at

least k distinct weak solutions {uy y, ..., uxx} C Hg () whenever \ € [0, \y]. Moreover

1

Juinllzg <77 and |luial|p= < it foranyi=1,k; A€ [0, \]. (3.1)
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3.1.2 Oscillation at infinity

We assume that the beforementioned locally Lipschitz functions F' and G satisfy the fol-

lowing conditions:

(F3°) = F(0) =05

(F) : —oo < liminf, oo £82; limsup, , 2% = 4o0;

(F) : I = liminf, ., "MEEFE) g,

(G") = G(0) = 0;
(G$°) : There exist p > 0 and ¢, ¢ € R such that

¢ liminMME E€ACE} _ o max{€:E€G()} _

s—00 sP 500 spP

Remark 3.1.2. Hypotheses (F{°) and (F5°) imply a strong oscillatory behavior of the

set-valued map OF at infinity.

In the sequel we present a continuous oscillatory function and a locally Lipschitz func-

tion satisfying assumptions (F¢°) — (F5°) and (G{°) — (GI°) respectively:

Example 3.1.2. We consider F(s) = fos foo(t)dt, s > 0, where fo(t) = \/f(% +
sint), ¢ > 0, or some of its jumping variants; one has that F, verifies the assumptions
(F3°) — (F5°). For a fixed p > 0, let Goo(s) = sP max{0,sins}, s > 0; it is clear that
G is a typically locally Lipschitz function on [0, 00) (not being of class C'*) and verifies

(G{°) with ¢ = —1 and ¢ = 1; see Figure B.2 representing both f., and G, (for p = 2),

:

respectively.

Figure 3.2: Graphs of f, and G, at infinity, respectively.
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In the sequel, we investigate the competition at infinity concerning the terms s +—»
OF(s) and s — OG(s), respectively. First, we show that when p < 1 then the ’leading’
term is the oscillatory function F, i.e., the effect of s — OG(s) is negligible. More

precisely, we prove the following result:

Theorem 3.1.3. (Kristaly, Mezei and Szilak [27]) (Case p < 1) Assume that p < 1 and
the locally Lipschitz functions F, G : R, — Rsatisfy (F°) — (F5°) and (Gy°) — (GY°). If
(i) either p = 1 and X¢ < —ly (with A > 0),
(i) or p < 1 and X > 0 is arbitrary,
then the differential inclusion (D)) admits a sequence {u;}; C Hg () of distinct weak
solutions such that

lim ||us®||p~ = oo. (3.2)
1—00

Remark 3.1.3. Let us denote by 2* the usual critical Sobolev exponent. In addition to
(B.2), we also claim that lim; ., ||u°|| Hi = 00 Whenever

max{|{|: £ € OF (s)} < o0

s€[0,00) 1452771

(3.3)

In the case when p > 1, it turns out that the perturbation term 0G may compete with

the oscillatory function OF’; more precisely, we have the following theorem:

Theorem 3.1.4. (Kristaly, Mezei and Szilék [27]) (Case p > 1) Assume that p > 1 and
the locally Lipschitz functions F,G : R, — R satisfy (F°) — (F5°) and (Gg°) — (GY°).
Then, for every k € N, there exists \;° > 0 such that the differential inclusion (D)) has at

least k distinct weak solutions {uy , ..., ux »} C Hg () whenever \ € [0, A\°]. Moreover,
lwirllpe >i—1 foranyi=1,k; \€ [0, 7] (3.4)

Remark 3.1.4. If the condition (B.3) holds and p < 2* — 1 in Theorem B.3, then we claim
in addition that

[ugSllmg > i —1 foranyi =1,k A € [0,X7].

3.2 Localization: a generic result

In this section we study the generalized form of the differential inclusion problem (D, ),
namely
—Au(x) + ku(z) € 0A(u(z)), u(z) >0, x € Q;

(D4)
u(z) =0, x € 09,
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where k£ > 0 and A : [0,00) — R is a locally Lipschitz function with A(0) = 0 and
(HY) : there exists M4 > 0 such that
max{[|0A(s)[} := max{[¢| : { € DA(s)} < M
for every s > 0;
(H%) : there are 0 < & < 7 such that max{¢ : £ € DA(s)} < 0 for every s € [6,7].

For simplicity, let us extend the function A by A(s) = 0 for s < 0; the extended
function is locally Lipschitz on the whole R. The natural energy functional £ : H}(Q2) —

R associated with the differential inclusion problem (D%) is defined by

1 k
e = lully + 5 [ wdo— [ Atute)is

which is well-defined and locally Lipschitz on Hj}((2).

Let us consider the number 1 € R from (H%) and the set
W = fue H(Q) : Jull~ < n}.
Our localization result reads as follows (see [30, Theorem 2.1] for its smooth form):

Theorem 3.2.1. Let k > 0 and assume that hypotheses (HY)) and (H%) hold. Then

(1) the energy functional £ is bounded from below on W" and its infimum is attained

at some u € W,
(if) a(z) € [0,9] for a.e. x € €;
(iii) @ is a weak solution of the differential inclusion (D%).

Proof. (i) Using hypothesis (H',) we have that the energy functional £ is bounded from
below on H(€2). Moreover, due to the compactness of the Sobolev embedding, it turns out
that £ is sequentially weak lower semi-continuous on H}(€2). In addition, it is clear, that
the set W7 is weakly closed, being convex and closed in H}((?). Thus, there is & € W"
which is a minimum point of £ on the set W, see Zeidler [51].

(ii) We introduce the set L = {z € Q0 : @(z) ¢ [0, ]} and suppose indirectly that the
measure m(L) > 0. We define the functions y(s) := min(max(s,0), ) and w := v o 4,

and claim that w € Hj(Q). Indeed, since v(0) = 0 and ~ is a Lipschitz function, the



CHAPTER 3. INCLUSIONS WITH OSCILLATORY TERMS 25

superposition theorem of Marcus and Mizel [37] implies that w € Hj (£2). By the definiton
of v, we have 0 < w(z) < § fora.e. Q2 and combining w € H} () with assumption (H?),
w € W' concludes.

Let us decompose the set L into L; and Lo,
Ly={xeL:u(x) <0} and Ly = {x € L:a(x) > d}.
In particular, L = Ly U Lo, and by definition, it follows that

a(z), forallx € Q\ L,
w(r) =< 0, forall z € Ly,
0, forall x € L.
Let us consider the expression

1

E(w) ~ €)= g [l — Nally] + 5 [ [w? = @) do — [ [Awle) ~ Ala(o))ds

=5 [ ade+ 5 [ = e [ 1AGw(@) - Al

On account of £ > 0, we have

k/[w2 — @¥)dx = —k/ w*dr + k/ (6% — @*]dx < 0.
L Ly Lo
Taking into consideration that A(s) = 0 for all s < 0, we conclude
/L [A(w(z)) — A(u(x))]dz = 0.
1

By means of the Lebourg’s mean value theorem, for a.e. © € Lo, there exists 0(z) €

[0, a(x)] C [0, n] such that

where a(0(x)) € A(6(x)). Due to assumption (H?), it turns out that

/L [A(w()) — A(a(x))]dz > 0.

Combining the above estimates, we obtain that £(w) — £(a) < 0. On the other side, since
w € W, claim (i) imply that £(w) > (@) = infyys &, thus every term in the difference

E(w) — &(u) should be zero; in particular,

/ aidr = / [G® — 6%]dx = 0.
Ly Lo
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The latter relation implies in particular that m (L) = 0, which is a contradiction, complet-
ing the proof of (i1).

(iii) Since u(x) € [0, 6] for a.e. = € €, an arbitrarily small perturbation @ + ev of @
with 0 < ¢ < 1 and v € C§°(12) still implies that £(a + ev) > £(u); accordingly, @ is a
minimum point for £ in the strong topology of H}((2), thus 0 € € (). Consequently, it

follows that @ is a weak solution of the differential inclusion (D). ]

Remark 3.2.1. In the sequel we need a truncation function of H}(£2), see also [30]. To
construct this function, let B(xq,r) C 2 be the n-dimensional ball with radius > 0 and

center g € ). For s > 0, we introduce the function

0, if xe€Q\ B(xg,r);
ws(xr) =< s, if x¢€ B(x,r/2); (3.5)
%(r—\x—xo\), if x € B(xo,7)\ B(xo,7/2).

We observe that w, € H}(Q), ||ws||z~ = s and
||U}s||12116 = / |Vw,|?dr = 4r" (1 — 27w, s* = C(r,n)s* > 0; (3.6)
0

hereafter w,, stands for the volume of B(0,1) C R™.

3.3 Proof of Theorems 3.1.1 and 3.1.

Before giving the proof of Theorems B.1.1/ and B.1.2, in the first part of this section we

study the following differential inclusion problem

—Au(z u(x w(x u(x T :
() + ku(z) € 0A(u(z)), u(z) =0, € (Dh)
u(z) =0, x € 09,

where k£ > 0 and the locally Lipschitz function A : R, — R verifies
(Hp) : A(0) =0;

A(s)

(HY) : —oo < liminf,_,o+ =3 and limsup,_,q, Als)

s2

= 400,
(HY) : there are two sequences {d;}, {n;} with 0 < ;41 < & < m;, lim; oo 1; = 0, and
max{0A(s)} :=max{{: &£ € 0A(s)} <0

for every s € [0;,m:], 7 € N.
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Theorem 3.3.1. Let k > 0 and assume hypotheses (HY), (HY) and (H9) hold. Then there
exists a sequence {ub}; C H}(Q) of distinct weak solutions of the differential inclusion

problem (D%) such that
lim [|ud|| g2 = lim [|u) || = 0.
1—00 0 i—00
Proof. We may assume that {J;};, {n;}; C (0,1). For any fixed number i € N we
define the truncated locally Lipschitz function 4; : R — R by
Ai(s) = A(ry, (), (3.7)

where A(s) = 0 for s < 0 and 7,,(s) = min(7;, s).

Applying the truncated locally Lipschitz function A;(s), i € N instead of A(s) in
(D%), we introduce the problem (Dfﬁli), and for later usage one can associate the energy
functional with that, namely &; : H}(Q) — R, i € N.

We notice that for s > 0, recalling the chain rule, we have

DA(s) if s <mn;,
0A;i(s) = { ©0{0,0A(n;)} if s=nm;,
{0} if s>mn;.

The fact that on the compact set [0, 7;], the upper semicontinuous set-valued map s —

0A,(s) attains its supremum imply that there exists /4, > 0 such that
max |0A;(s)] := max{|¢| : £ € DA;(s)} < Ma,

for every s > 0, i.e., the assumption (Hg 4,) holds. Applying (HY) on [6;,7;], i € N
implies that (HY , ) is verified as well.
Accordingly, the assumptions of Theorem are clearly verified for every : € N

with [d;, 7;], thus there exists u{ € W such that
Y is the minimum point of the functional & on W™ (3.9)
ud(z) €[0,6;] forae. x € Q, (3.9)
uj is a solution of (D ).

Taking into account relations above, u! is a weak solution also for the differential inclusion
problem (D).
What is still remaining is that there are infinitely many distinct elements in the se-

quence {u?};. To conclude it, we first prove the following two lemmas:
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Lemma 3.3.1. [fthe assumptions of Theorem hold, we have
E(ud) <0 forall i €N. (3.10)

Proof. The left part of (HY) implies the existence of some I, > 0 and ¢ € (0,7,) such
that
A(s) > —lgs* forall s € (0, (). (3.11)

We may have Ly > 0 such that
1 k "
50(7”, n) + 5 + [y TTL(Q) < Lo(T/Q) Wn, (3.12)

where r > 0 and C(r,n) > 0 come from (B.6). Based on the right part of (H?), we can

find a sequence {3;}; C (0, () such that 3; < ¢; and
A(3;) > Los; foralli € N. (3.13)

Leti € Nbe a fixed number and let w;, € H{ () be the function from (8.5) corresponding
to the value 5, > 0. Combining the fact that w;, € W, with expressions (B.11)), (8.13))
and (B.6) we have

1 k
Eilws,) = Sllws iy + 5 [ wide — | Ai(ws,(2))dz
2 o 2 J)g 7 Q

1
= —C’(T,n)@?—i—E/wgdx—/ A(8;)dx
2 2 ) ™ B(wo,r/2)

/ Afws, (2))de
B(zo,r)\B(z0,r/2)

< |5C0) + 5m(@) = Lalr/2)n + (@) |

Accordingly, with (8.§) and (B.12)), we deduce that

which proves the claim. U
Lemma 3.3.2. Under the assumptions of Theorem we have

lim &(u)) =0 forall i €N. (3.15)

1—00

Proof. For every i € N, combining the Lebourg’s mean value theorem with relations

(B.7), (B.9) and assumption (Hp), we can conclude that

£:(u0) > — /Q Ayl (2))dz = — /Q Ay (@) dz > — Moy, m(Q)5:.
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Since lim;_,, 6; = 0, the latter estimate and (3.14) prove the claim (B.15). U
Based on (B.7) and (B.9), we have that & (u?) = & (u?) forall i € N. This relation
with (B.10) and (B.19) implies that the sequence {u?}l contains infinitely many distinct

elements.

We now prove the last statement of the theorem. On one hand, combining the fact that
(B.9) implies ||u?|| < &; forall i € N with lim; o d; = 0, lim; o, |10 = O clearly
follows. On the other hand, by using k& > 0, (8.7), (8.9) and (B.14) we can conclude that

1 1 k
Sl < Sl + 5 [ dde < [ Aud(onde = [ e
Q Q Q

< My,m(Q)o;, forallie N.

The latter expression with lim;_,, ; = 0 imply that lim, . ||u?| H = 0, which completes

the proof of Theorem B.3.1]. U
Proof of Theorem B.1.1. We split the proof into two parts.

(1) Case p = 1. We assume that A > 0 with \¢ < —[; and let us fix Ao € R such that

N < Ao < —lo. With these choices we define

- A ¢
k:=Xo—A¢>0 and A(s) := F(s) + 7052 +A (G(s) - 532) for every s € [0, 00).
(3.16)
The fact that A(0) = 0 implies that the assumption (H{) holds. Since p = 1, by assumption

(GY) we have

max{0G(s)}

c= liminfM <limsuyp ——— ==¢.
s—0t S s—0+ S

In particular, for sufficiently small € > 0 there exists v = ~y(¢) > 0 such that
max{JG(s)} —¢s < es, Vs € [0,7],

and

min{9G(s)} — cs > —es, Vs € [0,7].

For s € [0,7], Lebourg’s mean value theorem and G(0) = 0 imply that there exists
& € 0G(65s) for some 5 € [0, 1] such that G(s) — G(0) = &;s. Accordingly, for every
s € [0,~] we have that

(c—e)s* < G(s) < (e+e)s™ (3.17)
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Combining (B.17) with the assumption (F?) give us

timint 2 > fiming ) 4 20 A i GO
s—=0t S s—=0t S s—0t S
F Ao — e
> lim inf (28)4— 0 C—l-)\g
s—=0+t S 2
> —00
and ~
A F Ao — AC
lim sup AB) S lim sup () L 2o =X timint ) —
a0t 82 ot 82 2 s—0t 82
which imply that the assumption (H?) follows.
The generalized gradient of the locally Lipschitz function A
DA(s) C F(s) + Aos + MOG(s) — ©s), (3.18)
with A > 0 give us
max{AA(s)} < max{F(s) + \os} + Amax{dG(s) — Es}. (3.19)

Since p = 1, combining expression with assumptions (F9) and (GY), the following

estimation follows

1iminfM < 1iminfw + Mo — A+ Mim sup max{JG(s)}
s—0F S s—0t S S0+ S

S lO + 5\0

< 0.

Therefore, we may have a sequence {s;}; C (0, 1) converging to 0 such that

max{0A(s;)}

Si

< 0,

i.e.,, max{0A(s;)} < 0 for all i € N. By using the upper semicontinuity of s — JA(s),
we may choose two numbers 6;,7; € (0,1) with §; < s; < n; such that 0A(s) C 0A(s;) +
[—e€i, €] for every s € [0;,1;], where €; := — max{0JA(s;)}/2 > 0. In particular, we have
max{JA(s)} < 0foralls € [d;,n;]. Thus, we may fix two sequences {0; };, {n:}; C (0, 1)
suchthat0 < n;41 < 0; < 8; < 1y, lim; 00 m; = 0, and max{0A(s)} < Oforall s € [d;, n;]
andi € N. Accordingly, the assumption (H)) is verified as well, thus we are in the position

now that we can apply Theorem with the inclusion (B.18) and choices (B.16), i.c.,
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there exists a sequence {u; }; C H}(Q) of different elements such that

7

—Aui(x) + (A — Xo)us(z) € OF (u(z)) + Mowi(z) + MOG (ui(x)) — Tug(x)),
x €

ui(z) >0, z€Q;

ui(x) =0, z €.

\
In particular, u; solves problem (D, ), i € N, which completes the proof of (i).

(if) Case p > 1. Let A > 0 be arbitrary fixed and choose a number Ay € (0, —ly). Let

2
k=X >0 and A(s) := F(s) + A\G(s) + )\0% for every s € [0,00).  (3.20)
We can observe that F'(0) = G(0) = 0, thus the hypothesis (H) holds.

Since p > 1, assumption (GY) gives us that,

i Wn{0G(s)} . max{dG(s)} o (321)

s—0t S s—07+ S

In particular, for sufficiently small e > 0 there exists v = 7(¢) > 0 such that
max{0G(s)} —¢s’ < es?, Vs € [0,7]

and

min{0G(s)} — cs? > —esP, Vs € [0,7].

For a fixed s € [0,7], by Lebourg’s mean value theorem and G(0) = 0 we conclude
again that G(s) — G(0) = &,s. Accordingly, for sufficiently small ¢ > 0 there exists
7 = v(e) > 0 such that (c — €)sP™ < G(s) < (¢ + €)sPT! for every s € [0,7]. Thus,
since p > 1,

lim @ = lim %SP’I =0.

s—0t S s—0+ sPtl

Therefore, by using (B.20) and assumption (FY), we conclude that

A F
lminf A — fimin E) |y i GG Ao — o0,
s—0t S s—0t S s—0t 82 2
and
A
lim sup (;) = 00,
s—0Tt S

which means that (HY) follows. Combining the generalized gradient of the locally Lips-
chitz function A,
0A(s) C OF(s) + AOG(s) + Aos, (3.22)
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and \ > 0, we have that
max{0A(s)} < max{0F(s)} + max{\0G(s) + Aos}.

Combining expression with assumptions (F9) and (GY), the following estimate

follows
A F
liming PXOAG)} 0P ()} max{OGs)}
s—0t S s—0t S s—0t S
=lo+ Ao

< 0,

and the upper semicontinuity of JA implies the existence of two sequences {d;}; and
{n:i}; € (0,1) suchthat 0 < m; 11 < &; < s; <y, lim; oo 1; = 0, and max{J0A(s)} <0
for all s € [0;,n;] and i € N; therefore, hypothesis (H)) follows. Now we are in the
position that we can apply again Theorem with the inclusion and choises .20,

i.e., there is a sequence {u;}; C H}(Q) of different elements such that

(

—Au(z) + Mowi(z) € 0A(ui(x)) C IF (u;i(x)) + NG (ui(x)) + Mowi(z),
x €

wi(z) >0, ze€Q;

ui(z) =0, z € 09,

\

which means that u; solves problem (D,), i € N. This completes the proof of Theorem

3.1.1. U

Proof of Theorem B.1.2. The proof is done in two steps:
(1) We use the same assumptions and definitions as in the proof of Theorem (i1),
i.e. we assume \g € (0, —ly), A > 0 and similarly to the proof of Theorem B.1.1], let us

define

2
k:= X >0 and A*(s) := F(s) + A\G(s) + /\0% for every s € [0, 00). (3.23)
The generalized gradient of the locally Lipschitz function A for every s > 0 is given by

OA*N(s) C OF(s) + Xos + AIG(s).

On account of the assumption (F3), there is a sequence {s;}; C (0, 1) converging to 0
such that
max{0A"(s;)} < max{OF(s;)} + Aos; < 0.
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Thus, due to the upper semicontinuity of (s, \) = 9A*(s), we can choose three sequences

{0:}i {mi}i {Ni}i € (0,1) such that 0 < ;41 < ; < 83 < 1y, lim_,c ; = 0, and
max{JA*(s)} < 0 forall A € [0, \], s € [6;,7], i € N.
Without any loss of generality, we may choose
6 <min{i ™, 27 % 2[1 + m(Q)(max |0F(s)| + max |0G(s)])]*}. (3.24)
s€[0,1] s€[0,1]
For every i € Nand \ € [0, \;], let A2 : [0,00) — R be defined as

AMNs) = A7, (s)), (3.25)

and the energy functional &; , : H}(Q) — R associated with the differential inclusion

problem (D%, ) is given by

1 k
Eir(u) = §||u|]12qol + §/Szu2dx — /ﬂAf‘(u(x))dx

Similarly to the proof of Theorem B.1.1], it can be proved that for every i € N and \ €
[0, \;], the function A? verifies the hypotheses of Theorem B.2.1. Accordingly, for every
i € Nand X € [0, \;]:

& » attains its infinum on W™ at some u?, N E W (3.26)
u;\(z) € [0,6;] fora.e. z € (3.27)
u; y is a weak solution of (D%)). (3.28)

By the choice of the function A* and k& > 0, ), is also a solution to the differential
inclusion problem (D%, ), so (D, ), thus the claim follows.

(ii) It is clear that for A = 0, the set-valued map OA? = 9 A? verifies the hypotheses of
Theorem B.3.1. In particular, & := ;0 1s the energy functional associated with problem
(DZ?). Consequently, the elements u := U?,o verify not only (B.26)-(8.28) but also

i

Ei(uf) = min&; < &;(ws,) < 0 foralli € N. (3.29)

Similarly to Kristaly and Morosanu [30], we may find a {6, }; sequence with negative

terms such that lim;_, 6; = 0. Due to the expression (3.29) we conclude that
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Let us choose

g (- . (ud) — 6 .
N et (G714 e <™
and for a fixed £ € N, set
AV = min(1, A, o Aoy AL ey Ak s AL oy A ) > 0.
Having in our mind these choices, for every i € {1,....,k} and A € [0, \}] we have
En(uly) < Ea(un) = glunly — [ Flus@)ds = [ Glus (2)ds

— &i(ws) ~ A | Glus(a))ds
Q
< 91‘_;,_17 (3.31)

and due to u), € W and to the fact that ] is the minimum point of & on the set W7,

by the expression (3.30), we also have

Eua(uly) = &) = [

Gugy(x))de > E(u]) — )\/ G(ugy\(2))dx > 0;. (3.32)
0

Q

Therefore, by estimations (3.31]) and (3.32), for every i € {1,...,k} and A € [0, \}], we

can find

Qi < €i7)\(u?7)\) < 0i+17

thus

81,,\(u(1),>\) < ... < Sk,,\(ugy,\) < 0.

We observe that uf € W for every i € {1,...,k}, s0 & (uf,) = E1x(uf ) because of
the truncated function A2 (s), see (B.23). Therefore, it follows that for every A € [0, \Y],

517,\(u(1)7/\) < ... < gl,A(Uz,)\) < 0= 517)\(0).

Based on these inequalities, it turns out that the elements u?’ A oo ug, , are distinct and
non-trivial whenever A € [0, A?].

Now, we are going to prove the estimate (B.1)). We have for every i € {1,...,k} and
A€ [0, A)):

SM(U?,)\) = Ei,)\<ug)\) <041 <O.
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By Lebourg’s mean value theorem and the estimation (B.24), we have for every i €
{1,...,k} and X € [0, \?] that

A

/QF(u?’)\(I))dI + )\/QG(U?,,\(x))dx
< m(Q)§;[ max |0F(s)| + max |0G(s)|]

1
Sl 2

s€[0,1] s€[0,1]
< 1
- 22
This completes the proof of Theorem B.1.2. 0

3.4 Proof of Theorems 3.1.3 and 3.1.

We consider again the differential inclusion problem

—Au(z) + ku(z) € 0A(u(z)), u(x) >0, x € )
u(z) =0, x € 09,

(D4)
where k£ > 0 and the locally Lipschitz function A : R, — R verifies
(HZ") : A(0) =05

(H) : —o0 < liminf, ., 2 and limsup, A& = 4o0;

(H5°) : there are two sequences {J;}, {n;} with 0 < §; < 1; < d;41, lim;_,, §; = oo, and
max{0A(s)} := max{{: &£ € 0A(s)} <0
for every s € [0;,m;], 7 € N.
The counterpart of Theorem reads as follows.

Theorem 3.4.1. Let k > 0 and assume the hypotheses (Hy®), (H{°) and (H3°) hold. Then
the differential inclusion problem (DY) admits a sequence {u*}; C H}(Q) of distinct
weak solutions such that

lim [|ui®]| g = 0. (3.33)
1—00

Proof. The proof is similar to the one performed in Theorem B.3.1; we shall show
the differences only. We associate the energy functional &; : H}(Q2) — R with problem

(D%,), where 4; : R — R is given by

Ai(s) = Alry,(5)), (3.34)



CHAPTER 3. INCLUSIONS WITH OSCILLATORY TERMS 36

with A(s) = 0 for s < 0. One can show that there exists M4, > 0 such that
max |0A;(s)] := max{[{| : £ € 0A;(s)} < My,

for all s > 0, i.e, hypothesis (H{";.) holds. Moreover, (H5’,,) follows by (H5°). Thus,
Theorem can be applied for all 7 € N, i.e., we have an element u;°® € W" such that

w7 is the minimum point of the functional 7; on W, (3.35)

u®(z) € [0,0;] fora.e. x € Q,

(2
u3® is a weak solution of (D%).

By (B.34), u$° turns to be a weak solution also for differential inclusion problem (D).
In what follows, we prove that there are infinitely many distinct elements in the se-

quence {u°};.
Lemma 3.4.1. Under the assumptions of the Theorem 3.4.1, we have

lim & (u;°) = —o0. (3.36)

1—00

Proof. By the left part of (H;°) we can find /£ > 0 and ¢ > 0 such that
A(s) > —I2 forall s > (. (3.37)

Let us choose L2 > 0 large enough such that

%C('r’, n) + <§ + lé) m(Q) < L2 (1/2)"w,. (3.38)

On account of the right part of (HS), one can fix a sequence {3;}; C (0,00) such that
lim;_,, $; = oo and

A(3;) > L2 5% forevery i € N, (3.39)
We know from (H5°) that lim;_,,, §; = oo, therefore one has a subsequence {6,,, }; of
{6;}; such that 5; < §,,, forall i € N. Let i € N, and recall wy; € H}(Q) from (B.3) with

s; = 8; > 0. Then wz; € Wi and according to (@), (8.37) and (B.39) we have

1 k
Emi(ws,) = Slwslip +5 [ wide— [ Ap (ws,(2))do
2 o 2 /g 7 Q

1
= —C’(r,n)§§—|—ﬁ/w§_dx—/ A(8;)dx
2 2 ) 7 Blwo,r/2)

A(ws, (x))dx

/(B(woﬁ)\B(J»‘oJ‘ﬂ))ﬂ{wsi >¢}

— / A(ws, (x))dx
(B(zo,r)\B(zo,r/2))N{ws, <(}

IN

BC(T, n) + gm(Q) — LA (r/2)"w, + lfom(Q)} 5 4 MAm(Q)C,
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where M4 = max{|A(s)| : s € [0, (]} does not depend on i € N. This estimate combined
by (B.38) and lim;_, 5, = oo yields that

lim &, (wg,) = —o0.
1—00

By equation (B.39), one has

thus our claim holds. O

We notice that the sequence {&;(u°)}; is non-increasing. Indeed, let i < k; due to

(B.34) one has that

Ei(u®) = rvnvlnn &= %%n E > rv%lkl E = Ex(uy’),

(3

which completes the proof of (8.36).
The proof of (3.33) goes in a similar way as in [30]. 0

Proof of Theorem B.1.3. We split the proof into two parts.
(i) Case p = 1. Let A > 0 with A\¢ < —l and fix Ao, € R such that \é < Ao < —ln.

With these choices, we define

- Ao ¢
k:= X —Ac>0 and A(s) := F(s) + 752 + A (G(s) — gsz) for every s € [0,00).
(3.40)
It is clear that A(0) = 0, i.e., (HF®) is verified. A similar argument for the p-order pertur-

bation 9@ as before shows that

A ja Y.
liminf 20 > lim inf (5) | Ao = AC i GO)
s—o0o  § s—oo0  § 2 s—oo  §2
> timine ) A m N o
s—=00 8 2
and )
. Als) _ . F(s) Ao—X . . _G(s)
llilligp 2 > llgizlp o + 5 + )\hsrgglf R ~+00,

i.e., (H®) is verified.
Since

DA(s) C OF(8) + Aos + AM(OG(s) —¢s), s >0, (3.41)
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it turns out that

hminf‘M < lim infw + 5\00 — \G+ Alim sup max{JG(s)}
s—00 S 5—300 S P S
< 0.

By using the upper semicontinuity of s — JA(s), two sequences {J; };, {n: }; C (0, 00)
can be fixed such that 0 < §; < s; < 1; < 0;11, lim;_,, 0; = 00, and max{0A(s)} <0
for all s € [d;,7;] and @ € N. Thus, (H5°) is verified as well. By applying the inclusion
(B.41)) and Theorem with the choice (B.40), there exists a sequence {u;}; C HE ()

of different elements such that

(

— A () + (Aso — XE)us(x) € OF (us(2)) + Mootti () + MOG (wi(z)) — cuy(x)),
x € €

ui(z) >0, ze€Q;

ui(z) =0, z €09,

i.e., u; solves problem (D)), i € N,
(ii) Case p < 1. Let A > 0 be arbitrary fixed and choose a number A\, € (0, —l).
Let
k:=MXs >0 and A(s) := F(s) + AG(s) + )\OOS; for every s € [0, 00). (3.42)
Since F'(0) = G(0) = 0, hypothesis (HJ°) clearly holds. Moreover, by (GS{°), for suffi-
ciently small € > 0 there exists sy > 0, such that (c — €)s?™! < G(s) < (¢ + €)sPt! for
every s > sg. Thus, since p < 1,

lim % = lim %

p—1 _
s =0.
s—oo  §2 s—oo gbt1

Accordingly, by using (8.42) we obtain that hypothesis (H:°) holds. A similar argument
as above implies that

lim i T 0A()}

S§—00 S

<lp+ Ao <0,

and the upper semicontinuity of JA implies the existence of two sequences {¢;}; and
{mi}: € (0,1) suchthat 0 < §; < s; < m; < di41, lim;_, o, 6; = 00, and max{0A(s)} <0
for all s € [;,m;] and i € N. Therefore, hypothesis (H5°) holds. Now, we can apply
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Theorem B.3.1], i.e., there is a sequence {u;}; € HY(Q) of different elements such that

(

—Aui() + Aooui(z) € 0A(ui(x)) C OF (ui(z)) + ANOG (ui(x)) + Aoous(x),
x € €

ui(x) >0, x €

ui(x) =0, z €09,

\

which means that u; solves problem (D, ), i € N, which completes the proof. 0

Proof of Theorem B.1.4. The proof is done in two steps:
(i) Let Ao € (0, —lx), A > 0 and define

82

k= Ao >0 and A*(s) := F(s) + AG(s) + /\003 for every s € [0, 00).

One has clearly that 9A4*(s) C OF(s) + Asos + AOG(s) for every s € R. On account of

(F3°), there is a sequence {s;}; C (0, 00) converging to oo such that
max{9A(s;)} < max{OF(s;)} + Asos; < 0.

By the upper semicontinuity of (s, \) — 9A*(s), let the sequences {&; }4, {n: }i, {\i}i C

(O, OO) such that 0 < 51 <5 < < 5i+17 lim;_ 51 = 00, and
max{9A*(s)} <0

forall A € [0, \], s € [0;,7;] and 7 € N.
For every i € Nand \ € [0, \;], let A2 : [0, 00) — R be defined by

AN(s) = A7, (s)), (3.43)

and accordingly, the energy functional &; , : H;(Q2) — R associated with the differential

inclusion problem(D*%, ) is

1 k
Eirlu) = EHUHJZLIS + §/Qu2dx - /QA;\(u(x))dx

Then for every i € N and A\ € [0, \;], the function A? clearly verifies the hypotheses of
Theorem B.2.1. Accordingly, for every i € N and A € [0, \;] there exists

&; x attains its infimum at some u;, € W™ (3.44)

gy, € [0,0;] fora.e. x €
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g5 () is a weak solution of (D",). (3.45)

Due to (3.43), S, is not only a solution to (D*,) but also to the differential inclusion
problem (D%, ), so (D,).
(ii) For A = 0, the function A} = 9A? verifies the hypotheses of Theorem B.3.1].

Moreover, & := & is the energy functional associated with problem (DZQ). Conse-

quently, the elements u° := ug verify not only (B.44)-(B.49) but also

Em; (Upy,) = min (&) < &y, (w5,) foralli € N, (3.46)

W"mi
where the subsequence {u;y }; of {u{°}; and w5, € W" appear in the proof of Theorem
3.4.1].
Similarly to Kristaly and Morosanu [30], let {6;}; be a sequence with negative terms

such that lim,_,. #; = —oo. On account of (3.4€) we may assume that

Let

Y om(Q) maxgep |G(s)] + 1

Em, (Uﬁfi) — 0

and \; = 5
" om(Q) maxgepq) |G(s)] + 1

1 e N,

and for a fixed k € N, we set

"

% — min(1, Agy oo Ay AL oy Ak s AL ey A ) > 0.

Then, for every i € {1,.....,k} and A € [0, \3°], due to (B.47) we have that
gmm)\(az%,)\) < gmi,/\(wgi)
_! 2= / F(w;z, (x))dx — /\/ G(ws, (z))dx
2 ° Ja ' Q Z
= & fws) = A [ Glus (@)ds
Q

Similarly, since @7 , € W' and u;;. is the minimum point of 7; on the set W, on

account of (3.47) we have
Emal5,0) = Em (155,00 = A [ G )
Q
Q

> 01
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Therefore, for every i € {1,...,k} and A € [0, A°],
9i+1 < Smh)\(ﬂﬁfi,/\) < (91 < O,

thus

Empa(tny, \) < oo < Emy ATy, ) <0,

M,

Because of (B.43), we notice that a? , € W foreveryi € {1, ..., k}, thus €, (G52 ) =
Empn(153,). Therefore, for every A € [0, A7),

oo

gmh,\(’ll?:k’)\) < ... < gmlm/\(ﬁmh/\) < 0= Em,w)\(O),

i.e, the elements @y ..., Uy,  are distinct and non-trivial whenever A € [0, A7°]. The

estimate (B.4) follows in a similar manner as in [30]. 0



Chapter 4

A non-smooth Neumann problem on

compact Riemannian manifolds

In many cases, a recent Ricceri result [44] can be easily invoked to solve partial differential
equations involving C'! functions; for a non-smooth version, see Kristaly, Marzantowicz
and Varga [25]. Extending their results in several aspects, the aim of this chapter is to
present an application of the non-smooth Ricceri’s multiplicity theorem [25] to discuss a
differential inclusion problem on a compact Riemannian manifolds.

In section 4.1 our main result is established, while section @#.2 stands for its proof. This

chapter summerizes results of Szilak [48)].

4.1 Main results

Let (M, g) be a connected, compact Riemannian manifold of dimension n > 3 with
boundary OM. Introducing notations 2* = 37”2 and 2" = 2(5—__21), we study the follow-

ing inhomogeneous Neumann boundary differential inclusion problem

—Agu(x) + k(x)u € AK(2)0F (u(x)), x€ M,

%u ¢ nD(2)0G(u(x)), x € OM,

(DML)

where kK, K : M — Rand D : OM — R are positive continuous functions, y and
A > 0, A, denotes the Laplace-Beltrami operator on (MM, g), a% is the normal derivative
with respect to the outward normal n on 0M. In addition, F' and G are locally Lipschitz
functions, 0F and 0G denote their generalized gradients in the sense of Clarke and we

assume they verify the following conditions:
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(Fo) : F(0) = 0 and there exists C; > 0 and p € [2,2*) such that
€] < CL(1+s]"), Ve € OF (5),5 € R;

max{|¢:£€OF ()} _ ).

(F1) : limsup,_, s

(F2) : limsup, ., 2 < 0;

slvoo 52 =
(F3) : there exists sp € R such that F'(sp) > 0;
(Gy) : there exists Cy > 0 and ¢ € [2,2") such that
€] < Cy(1 + |s|"7), V€ € DG(s), s € R.
Example 4.1.1. The function F'(s) = min{s®, /s} is locally Lipschitz and one can prove
that it satisfies conditions (Fo) — (F3) for p = 2.

Remark 4.1.1. Let us note that whenever K (x)/k(z) = C3 and D(xz) = C, for some
constants C3, Cy > 0, furthermore s € R solves the inclusion system formed by s €
C3A0F (s) and 0 € OG(s) for some A > 0, then the constant function u(x) = s, z € M,

verifies both inclusions in (D, ).
Let us introduce the norm

= ([ 19utan,+ [ wacan,)”
M M

Let denote o, = mingeps k(), apr = maxgen k() and Ky = max,en K (). Now we

can give the following estimation for || - ||

min{1, /o, }|ull gt < [lully < max{1, /o }ullm,

which means that || - ||, turns out to be equivalent to the || - || g:-norm.

The energy functional &, ,, : H*(M) — R associated with (D, ,,) is defined by

Exn(u) = N(u) + AF (u) + pG(u),

where
1 2
N = 3l
Flu) =~ | K(@)F(u@)dy,
G(u) =— | D(x)H(u(z))dv,.

oM
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One can prove that the energy functional is well defined and locally Lipschitz.

We say that u € H'(M) is a weak solution of the problem (D, ,,) if there exists mea-
surable mappings « — &, € OF (u(x)) and x — n, € 0G(u(z)) such that for all the test
function w € H'(M) the functions = — AK (z)&,w(z) and x +— puD(z)n,w(z) belong
to L'(M) and

/M Vu(x)V g w(z)dv, + /M k(z)u(z)w(z)dv, = )\/M K(z)&w(x)dyy,

together with

@w(x)dag =L D(z)n,w(x)doy,
o On oM

where o, stands for the surface measure on 9. According to Chang [[11], the critical
points of the energy functional £, , are the solutions of our problem (D, ,); see also
Kristaly, Marzantowicz and Varga [25].

We present the main result of this chapter:

Theorem 4.1.1. (Szildk [48]) Let F' : M — R and G : M — R be functions that fulfill
the assumptions (Fo) — (F3) and (Hy), respectively. Then there exist a number 1 and a
non-degenerate compact interval A C (0,+00) such that for every X € A there exists
to € (0, X + 1] so that whenever p is small enough i.e. j1 € (0, j10), the inclusion (D, )

has at least three solutions which are in norm less than n.

The proof of Theorem uses the non-smooth variational calculus recalled in sub-
section together with Theorem P2.4.3; the main ingredients are the three critical points
theorem of Ricceri for locally Lipschitz functions and the non-smooth Palais-Smale con-

dition.

4.2 Proof of Theorem 4.1.1

We assume the assumptions of Theorem are fulfilled. First we need a lemma, whose

proof requires the function
B(t) = inf{F(u) : u € H' (M), N (u) < t}.

Lemma 4.2.1. We have that
— =0. 4.1)
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Proof. The proof is similar to that in Kristaly, Marzantowicz and Varga [25]. Com-
bining Lebourg’s Mean-Value Theorem with assumptions (Fy) and (F;), for any ¢ > 0
one has L. > 0 such that

|F(t)] < Ciet®* + O L.t forall t € R.

Thus, we obtain that

F(u) > =CreKllullzn — CrEy LKL |[ullfp, (4.2)
where K, > 0 denotes the constant in the continuous Sobolev embedding H'(M) —
LP(M).

Let us define a set for ¢ > 0 by
2
S={ue H'(M): |ullj <2t}

Lett > 0. We recall the fact that || - || is equivalent to || - || z1-norm, consequently applying

(8.2)) it turns out that
> M

0 > —C12e Ky — C1 Ky L.KP2515 71,

which clearly proves Lemma due to arbitrariness of € and by the fact thatt — 0+. [J

Recalling (F3), let us define a function uy € H'(M) by ug := s forall x € M.
Thus, if we combine the fact that £'(0) = 0 with F'(sg) > 0, so # 0, gives the estimate
F(ug) < 0. Accordingly, applying (B.1]) one can fix t, € (0, N'(ug)) and py > 0 such that

~B(t0) < o <ty < ~F). 3)

At this point we define the function v : H'(M) x I — R by
Y(u, A) = N (u) + AF + Apo, where I = [0, 00).

Similarly to Kristaly, Marzantowicz and Varga [25], applying (#.3)), the following lemma

can be easily proved.
Lemma 4.2.2. We have that

sup inf u, A\) < inf sup~y(u, ).
AGFI) u€H (M) ! ) u€H (M) )\EI;’Y( )

In what follows, fixing a linear function around the origin g € G,, 7 > 0 (see [25]),
we study the analytic properties of the modified energy functional gm x: HY (M) — R,

namely

Eua(w) = Sllulld + AF(w) + (g 0 G)(w).
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4.2.1 Analytic characteristics of é:% A

We shall prove that the modified energy functional c‘fu? A 1s coercive, bounded from below
and satisfies the Palais-Smale compactness condition.

It turns out that £, , is locally Lipschitz and well-defined, furthermore applying (F,)
one can prove that 5 || - [|Z + AF is coercive. Consequently it follows that &, is coercive

as well.

Lemma 4.2.3. The locally Lipschitz functional 67“7 A satisfies (PS). condition at every level

ce R

Proof. Let a series {uy } be a Palais-Smale sequence for é’u,,\, i.e. m(ux) — 0as k — 0,
where m(uy) = min{||¢||. : € € E,A(ux)}. Since the modified energy functional is
coercive, the sequence {u} is bounded on H'(M). Thus, up to a subsequent, {uy}x
converges weakly in H'(M) and strongly in LP(M), p € [2,2*) and in LY(OM), q €
[2,2"). Our objective is to show that for up to a subsequence, {u; } converges strongly
in H'(M).

The generalized directional derivative of the modified energy functional for all u, v €
H*'(M) is given by

(Eun)° (1, 0) < SN (w);0) + AF"(u,0) + (g © G)° (u, v).

N —

Calling latter inequality with parameters u = uy and v = u—ug, thenu = vandv = up—u

one has

N (ue — u) < XN F°(up, w — ug) + F°(u, up — u))
+ (9.0 G)° (it u — ) + (90 G (u s — )

_ 527/\(uk,u —uy) — 5;7/\(u,uk —u).
On one hand, since m(ug) — 0, it follows that

lim inf (g;/\(u, up —u) + SZ,A(“kv u—uy)) > 0.

k=00
On the other hand, combining the fact that uy, — w in LP(M) and in LY(0M ) with the
upper semicontinuity of F°(+, -) imply that lim sup,_, . F°(ug,u — ug) < F°(u,0) = 0.
Similarly, lim sup,,_, . G°(ux, u — ux) < 0 follows.
Combining estimations above with the fact that A/ (uy, —u) > 0 we obtain that u — w,

strongly in H'(M), which imply that the (PS).. condition follows. [
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4.3 Three critical points

At this point we can apply the non-smooth critical points theorem, see Theorem P.4.3,
by choosing X = H'(M), X, = LP(M), X, = LYU(OM) with p € [2,2), ¢ € [2,27),
A=T=1[0,+00),h(t)=L,t>0andletus fixg € G,, 7 >0, € Aand i € [0, \+1].
Thus, since 3 || - || + AF is coercive on H'(M) for all A € I, the Lemma holds and
the functional &, 5 (u) = L[ull? + A\F(u) + p(g o G)(u) for all u € H'(M) fulfills the

(PS). condition, we have at least three critical points with H*(M) norm less than 7 and

Theorem follows. O

Remark 4.3.1. Differential inclusions of the above type can be investigated also in the
setting of Finsler manifolds, see [38]; for unity of the exposition, we do not enter into

details.



Part 11

Differential inclusions - non-compact

case
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Chapter 5

Elliptic differential inclusions on

non-compact Riemannian manifolds

PDEs may appear not only on bounded domains of Euclidean structures; physical and
mechanical phenomena quite frequently require the application of inclusion problems on
the broad class of curved spaces. Considering a complete, n-dimensional, non-compact
Riemannian manifold (M, g) with certain curvature restrictions (n > 3), we study the

following differential inclusion problem

Lu(z) = —Ayu(z) — d;’“(””) +u(z) € Aa(z)dF (u(z)), z € M. (D)

(o, x)
Here £ denotes an elliptic type operator, A, represents the Laplace-Beltrami operator on
(M,g),d, : M x M — R is the distance function associated with the Riemannian metric
g, xg € M 1is a fixed point, i, A € R are some parameters. The function o : M — R is
a measurable potential, F' : R — R is a locally Lipschitz function and OF stands for the
Clarke subdifterential of F'.

On one hand, variational elliptic differential inclusions as (D) — or slightly different
versions of them formulated in terms of variational-hemivariational inequalities — have
been subject of several investigation in the last three decades, mostly in Euclidean spaces
(both for bounded and unbounded domains), see e.g. Kristaly and Varga [33], Liu, Liu and
Motreanu [35], Liu, Livrea, Motreanu and Zeng [36], etc. On the other hand, various forms
of (D) have been investigated both on compact and non-compact Riemannian manifolds
(mostly without the singular term), see e.g. Berchio, Ferrero and Grillo [[7], Bonanno,

Molica Bisci and Radulescu [8], etc.

49
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We consider problem (D) under two different curvature conditions. More precisely,

we assume that the Riemannian manifold (), g) satisfies one of the following conditions:
(1) Cartan-Hadamard manifold,
(i) The Ricci curvature is non-negative.

This chapter is devoted to focus on non-existence, existence and multiplicity results
for the differential inclusion problem (D) by assuming curvature hypothesis (i) or (ii),
together with additional grows conditions on the locally Lipschitz function F' (at the origin
and infinity). It turns out that the variational methods cannot be used directly. Indeed,
since such manifolds are not compact, it is not possible to use certain Sobolev embeddings;
as we mentioned in the introduction, the lack of compactness has to be compensated with
the application of isometric actions and the principle of symmetric criticality.

The chapter is organized as follows. In section 5.2 we prove a non-existence result,
established within Theorem 5.1.1]. In section 5.3 we discuss our first existence/multiplicity
results in the sub-quadratic case, by proving Theorem 5.1.2. Finally, section 5.4 is devoted
to handle the super-quadratic case, i.e., Theorem [5.1.3.

This chapter summerize results of Kristaly, Mezei, and Szildk [28].

5.1 Main theorems

First, we discuss non-existence results under the above special curvature conditions; to do
this, we assume on the potential o : M — R that

(Hy) :a>0and o € LY(M) N L>(M) \ {0},
and additionally on the locally Lipschitz function F' : R — R that

(Hp) : there exists Cy > 0 such that

€] < Colt], VE € dF(t), t €R.

In the sequel we need the definition of the weak solution associated to the problem (D):
an element v € H'(M) is a weak solution of (D) if there exists a measurable selection

r +— & € OF (u(z)) such that the map z — «a(z)é,w(x) belongs to L' (M) for every
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test-function w € H'(M) and one has

u(@)w(z)

V,u(2)Vw(r)dv, — /—dv+/uwwxdv 5.1)
[, V@V~ [ G S [ @,
= )\/ a(z)éw(z)dv,.
M
The first result of the present chapter reads as follows.

Theorem 5.1.1. (Kristaly, Mezei, and Szilak [28]) (Non-existence) Let (M, g) be an n-
dimensional complete non-compact Riemannian manifold, n > 3, and assume that the
potential o : M — R and the locally Lipschitz function F' : R — R satisfy assump-
tions (H,,) and (Hy), respectively. Assume in addition that one of the following curvature

conditions holds:
(i) K < —k for some k >0, (M, g) is simply connected and

(il) either k =0, u < ("_42)2 and | M| Co|laf| e < 1,

(i2) ork >0, pu < #and(n—Q)Q(IA\COHaHLoo—1) < (n—1)* (@ - ,u+) K,

where iy = max(u,0);
2

(i)) Ricurg > 0, 1 < AVRyy,

n—2)2
=22 and |\ Colla]| - < 1.

Then the differential inclusion (D) has only the zero solution.

The proof of Theorem is based on a direct computation combined with Hardy-
type inequalities and sharp spectral gap estimates on Riemannian manifolds.

In order to produce existence or even multiplicity of non-zero solutions to (D), we
require on the locally Lipschitz function £’ : R — R the following assumptions:

), - i MUE €€ OFMY

t—0 t
(H), : lim max{|£] 1 € € DF ()}

[t|—o0 t

(H)s : F(0) = 0 and there exist t; < 0 < tJ such that F(tF) > 0.

Remark 5.1.1. Note that (H; ) and (Hs) mean that the function ¢ — max{[{| : £ € OF(t)}
is superlinear at the origin and sublinear at infinity, respectively; in particular, by using

Lebourg’s mean value theorem, we observe that F' is sub-quadratic at infinity.

Remark 5.1.2. By the upper semicontinuity of the set-valued function ¢t — OF(t) and

conditions (H;) and (H,), we can observe that the hypothesis (Hy) is also valid for a
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suitably large value of )y > 0; in particular, Theorem can be applied (under the
assumptions (H,), (H;) and (H,)), and for sufficiently ’small’ values of | A| only the zero

solution exists for the differential inclusion (D).

Whenever A is large enough, multiplicity result can be established involving additional
assumptions in order to balance the lack of compactness of the Riemannian manifolds we
are dealing with. The next theorem provides a multiplicity result with a sub-quadratic

nonlinearity at the infinity.

Theorem 5.1.2. (Kristaly, Mezei, and Szilak [28]) (Multiplicity: sub-quadratic nonlinear-
ity at infinity) Let (M, g) be an n-dimensional complete non-compact Riemannian mani-
fold, n > 3, and G be a compact connected subgroup of Isom (M) such that Fixy (G) =
{0} for the same xo € M as in problem (D). Let o« : M — R be a potential satisfying
(H,) which depends only on d,(x, -) and the locally Lipschitz function F : R — R sat-
isfying assumptions (H;), i € {1,2, 3}, respectively. In addition, we assume that one of

the following curvature assumptions holds:

(i) (M, g) is of Cartan-Hadamard-type and

L (ne2)?

(Mg and G is coercive.

(ii) Riciarg) > 0, AVR(yg) > 0,0 < 1 < AVR

Then there exists Ay > 0 such that for every \ > X, the differential inclusion (D) has at

least four non-zero G-invariant solutions in H*(M).

The proof of Theorem uses elements from the variational calculus described in
section 2.4.1]. In the sequel, we establish a counterpart of Theorem whenever F' is
super-quadratic at infinity. In order to prove more existence and multiplicity results, we
introduce additional constraints on the locally Lipschitz function F': R — R :

(Hy) : F(0) = 0 and there exist v > 2 and C' > 0 such that
2F(t) + F°(t; —t) < —C|t|”, Vt € R;

(Hs) :thereisg € (2,2 + %) suchthatmax{|¢| : £ € OF ()} = O([¢|*™") as |t| — .
Here, F°(t; s) is the generalized directional derivative of F at the point¢ € R and direction

s € R. Note that by (H;) and (Hy), F is super-quadratic at infinity.

Theorem 5.1.3. (Kristaly, Mezei, and Szilak [28]) (Existence/Multiplicity: super-quadratic
nonlinearity at infinity) Let (M, g) be an n-dimensional complete non-compact Rieman-

nian manifold, n > 3, and G be a compact connected subgroup of |som, (M) such that
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Fixar (G) = {0} for the same xq € M as in problem (D). Let o« € L*(M) be a potential
which depends only on d,(zy, -) and essinf,epa(x) = ag > 0, while the locally Lipschitz
function F : R — R satisfies the assumptions (H;), i € {1,4,5}, respectively. If one
of the curvature assumptions (1) or (i) holds from Theorem then for every A > 0
the differential inclusion (D) has at least a non-zero G-invariant solution in H*(M). In
addition, if F' is an even function, (D) has infinitely many distinct G-invariant solutions

in H'(M).

The proof is based on the same geometric arguments as in Theorem (curvature
constraints, isometric actions), combined with the non-smooth mountain pass or fountain

theorem involving the Cerami compactness condition.

5.2 Non-existence of solutions: proof of Theorem 5.1.1

Let u € H' (M) be a solution of (D), i.e., relation (5.1]) holds for every w € H'(M). Let

us choose w = u in (B.1]), we obtain

2
/ IV yu(z)|*dv, — u/ ;Advg + / u?(x)dv, = )\/ a(x)éu(x)dog,
M M dg(x07 ) M M
where &, € OF (u(x)) is a suitable selection, x € M, such that z — «(z),v(x) belongs
to L'(M). Combining assumptions (H,,) and (H,) with the latter relation we establish the

estimation

/M|Vgu(:c)|2dvg—,LL/MMdvgjL/Muz(x)dvg (5.2)

d2(zo, )

< ])\|C'0HaHLoo/ (z)dv, .
M

Assume by contradiction that u # 0.

5.2.1 Proof of (i): K < —x for some x > 0

We distinguish two cases.

(i) Letk =0.Ifp < (”_42)2 , by the Hardy inequality (2.6) and relation (5.2), it turns

out that

/u2(m)dvg<|/\|00||0z\|Loo/ u?(x)dvy;
M M
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here we used the fact that equality cannot occur in the Hardy inequality (2.6) unless u = 0.
Consequently, if |A\|Co||cr|| L~ < 1, we arrive to a contradiction, i.e., we necessarily have
u = 0, concluding the proof of (il).
(i2) Let k > 0. Assume first that 0 < p < @. Then by the Hardy inequality (2.6)
we have that )
1 By < g IV Py
where we again used the fact that no equality occurs in (2.6) for non-zero functions. Thus,

by (5.2) it follows that

<1—(4—'u2>2>/M|Vgu(:c)]2dvg<(P\]COHOéHLoo—1)/Mu2(x)dvg. (5.3)

n j—
First, if |A\|Col| || L~ < 1, since p < @, latter relation gives a contradiction. Second, if
INCollal[z= > 1, by our assumption (n—2)2(|A|Cyl|a|| e —1) < (n—1)2 (@ . u) P
(n—2)?
1

we obtain that p < : moreover, relation (5.3)) and the assumption imply that

/M V() 2du, < wﬁ /M () dv,

However, the latter inequality is in contradiction to McKean’s spectral gap theorem, see
(2.7). Therefore, we necessarily have v = 0, concluding the proof of (i2) for ;> 0.

If ;1 < 0, then our assumption reduces to |A|Cy||a||pe — 1 < @/{ and by (5.2) one
has that

| 1Wguta)an, < (A Collalix = 1) | w(a)as,

M
Therefore, we obtain that

/M |V yu(a)|*dv, < @n /M u?(z)dv,.

Since no equality occurs in McKean’s spectral gap estimate (2.7) for any non-zero function
u € H'(M), we arrive to a contradiction. In conclusion, we necessarily have that u = 0,

which ends the proof of (i2) also for y < 0.

5.2.2  Proof of (ii): Ric s > 0

(n—2)?

2
Since i1 < AVR("My) 1

, the Hardy inequality from (2.9) (together with the fact that no

non-zero function realizes the equality) and relation (5.2) imply that

/ w?(x)dv, < |/\|C'0||a||Loo/ u?(r)dv,.
M

M
Consequently, if |\|Cy|a||z~ < 1, we arrive to a contradiction; thus « = 0. This ends the

proof of (ii). 0
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5.3 Sub-quadratic case: proof of Theorem 5.1.

Throughout this section we assume the hypotheses in Theorem are satisfied. The

proof is divided into several steps.

5.3.1 Truncation and non-smooth energy functional (Step 1)

Let s* = max(s, 0) be the non-negative part of s. Introducing the truncated locally Lip-
schitz function F™(s) = F(sT), s € R, the energy functional £* : H'(M) — R to the

slightly modified problem (D), considering F'* instead of F, is defined as

£¥(w) = SNulw) — AF* (1)
where
No(u) = /M|Vgu(:c)|2dvg—u/M %dvg—l—/Mﬁ(m)dvg
and

Fr(u) = / a(x)F* (u(z))do,.
M
On one hand, it is clear that \V,, is of class C'' on H'(M) and due to the Hardy in-
equalities (i.e., (2.6) and (2.9)), for the corresponding values of j from the statement of

the theorem, Nﬁ/Q turns out to be equivalent to the usual norm | - ||z on H'(M), i.e.,
cullullin < Nou(w) < lull, Yu e H' (M), (5.4)
where
— (nf—‘g)g, in the case (1);
0<c, =

2
1 —AVR ;s in the case (ii).

Lemma 5.3.1. The truncated function F* is well-defined and locally Lipschitz on H'(M).

Proof. The fact that 7+ is well-defined follows implicitly by the following argument.
By (H;) and (H), for every € > 0 there exists J. € (0, 1) such that

€| <et, VEECOFT(), VO<t <d &t >0 " (5.5)

Fix ¢y > 0. Since OF'* is an upper semicontinuous set-valued map with non-empty com-
pact values, we also have for some K., > 0 that || < Kt for every { € OF*(t) and
t € [6e,02"]. The latter fact with (5.5) implies that

€| < C.t, VE € OF*(t), Wt > 0,
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where C, = max{ey, K, }. Now, let u € H'(M) and U, be any open bounded neigh-
borhood of w in H*(M), i.e., for some K > 0 we have ||w||z: < K for every w € U,. If
uy, us € U,, then by Lebourg’s mean value theorem, for a.e. x € M there exist y € [0, 1]

and £ € OF T ((1 — v)uy () + ~yug(x)) such that

|FT (ur(2)) = F (ua(2))] = [ |[ur(2) — ua ()]

< Coo(lur (@) + |uz(z) ) (2) — ua()].
By Holder’s inequality and the trivial embedding H' (M) C L?*(M), we have that

7 (1) = F* (ug)| S/ a(@)[F (ur(x)) = F* (uz())|dv,

M

< 2Cq|la|l e K |lur — ua|| g1,

which means that 7 is Lipschitz on H'(M). O
On one hand, applying argument as in Clarke [12, Section 2.7] (see also Costea,
Kristaly and Varga [13]) shows that for every closed subspace W of H'(M) we have
that
OFtw)(u) C / a(z)0F* (u(x))dv,, Yu € W;

M
here, F*|yy is the restriction of the functional 7 to the subspace W and the latter inclu-

sion has the following interpretation: to every & € O(F |y )(u) there exists a measurable
selection z +— &, € OF " (u(x)) such that the map x — ()&, w(x) belongs to L' (M)
for every w € W and
(&, wy = / a(z)&w(x)du,.
M
On the other hand, by using Fatou’s lemma, Lebourg’s mean value theorem, Lebesgue’s
dominated convergence theorem, and a careful limiting argument, see e.g. Kristaly [23]
in the Euclidean setting, it turns out that
(Fw)?(u;w) < / a(x)(F)°(u();w(z))dv,, Yu,w e W. (5.6)
M

Letu € H'(M) be a critical point of £T, i.e., 0 € IET (u). We are going to prove that

u is a non-negative solution to the differential inclusion (D). First we have that

%N;(u) € NOF*(u),
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i.e., for every test-function w € H'(M) one has

u(@)w(z)

/MVgu(:U)ng(x)dvg — M/M deg + /M u(x)w(x)dy,
=2 [ a@gulaas,

with the above interpretation for the right hand side.

Let u— = min(0, u) be the non-positive part of u and note that it belongs to the space
H'(M), see Hebey [19, Proposition 2.5]. If we put v = u_ into the latter relation, we
obtain that {,u_(z) = 0 for a.e. z € M since {, € IF " (u(z)) (thus &, = 0 whenever
u(xz) < 0). In consequence, N,(u_) = 0, thus u_ = 0, i.e.,, v > 0. In particular,
& € OF* (u(x)) = OF (u(x)), therefore the latter relation is precisely (5.1)), which means
that u € H'(M) is a non-negative solution of (D).

5.3.2 Isometry actions (Step 2)
Recalling the notions from subsection P.4.2, we prove the following lemma.
Lemma 5.3.2. The locally Lypschitz energy functional £ is G-invariant.

Proof. (i): Since G contains isometries of (M, g), the functionals u — [, |V u(z)|*dv,
and u — [, u*(x)dv, are both G-invariant; in particular, |lou|m = ||ul|g for every

o€ Gandu € H'(M). Indeed,

Jrulfn = [ (lou@)P +19,(outa)) Pduy(o)
= [ e @) + 19,007 (@) Py (o)
= [ )l + 9l )
=l 57)

(if) Since Fixy (G) = {xo}, it turns out that for every 0 € G and y € M, we
have d,(zo,0(y)) = dy(o(z0),0(y)) = dy(zo,y); therefore, the change of variables

y = o~ *(z) implies that
@)y oy [T [ W)
/M dg(mo,x)d o(2) /M d2(zo, ) dug () /M d2($0,0(y))d 4(0(y))

W) 4 g
/M dg(ﬂio,y)d o0
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In particular, the functional u +— N, (u) is G-invariant on H*(M).
(iii) Furthermore, since o : M — R depends only on d,(z, -), it is also G-invariant,

and one can prove by a change of variables that for every 0 € G and u € H' (M),
Frow = [ a@P (eu@)du) = [ al@)F (o @)
= [ ale) P u)dnow) = [ al)F () )
- F)

i.e., F ' is G-invariant on H'(M). In conclusion, the energy functional E* = N, /2—\F+
is G-invariant on H'(M). O

We introduce the subspace of G-invariant functions, namely
HE(M) = Fixgnan (G) = {u € H'(M)|ou = u forall o € G},

and the restricted energy functional to HL (M) as £ := £ HL(M)-
Now, we are in the position to use the principle of symmetric criticality, see Proposition
4.1 Ifu e HE(M) is a critical point of the restricted energy functional £/ then u is

also a critical point of the initial energy functional £7.

5.3.3 Spectral gap estimate for 7+ /N, on H.(M) (Step 3)

We are going to prove that for every admissible ;. from the statement of the theorem, one

has

Ft
0< sup () < +o00. (5.8)
u€HL(M)\{0} Nu(u)

Let ¢ € (2,2%) and fix arbitrarily ¢ > 0 together with the number §. > 0 appearing
in (5.5). By the boundedness of the function ¢ s "7 O1 o [6c,6."] and due to (5.9),

ta—1

there exists [, > 0 such that
0<|¢| <et+ 171, V>0, E€OFT(t) =0F(t). (5.9)
Note that we have
0 <|FT(t)] < et® +1]t|9, Vt € R. (5.10)

Indeed, for t > 0 we apply Lebourg’s mean value theorem together with (5.9), while for
t < 0, we have by definition that F*(¢) = F(0) = 0, thus the latter relation trivially
holds.
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Consequently, taking into account the continuous Sobolev embedding, estimate (5.10)

shows that for every u € H} (M) we have

0<|F (u)] = '/Moz(x)F+(U(x))dvg S/Moz(x)}FWU(x))\dvg

< lladlz (ellullzn + L) ullf)

where K ;t > () are the continuous embedding constants. Accordingly, for every v €
HL(M) \ {0} one has that

[F ()]

V= Nu(u)

< o M lallzee (€4 (K |ull$:?)

where ¢, > 0 is the constant from (5.4). Due to the fact that ¢ > 2 and € > 0 is arbitrarily

fixed, it turns out that

F(u)
N#(u)

The counterpart of (5.11)) at *infinity’ reads as

— 0 as |jullz — 0,u € H5(M). (5.11)

F(u)

—= =0 1 — 400, e HL(M). 5.12
NH(U) as HUHH o0, U G( ) ( )

Indeed, combining the boundedness of ¢ — ma’“ﬁﬂ on [d., 67 '] with the estimate (5.5),

one can find L. > 0 such that
0 <€ <et+ L' vt >0, € € OFF(t) = DF ().

Due to hypothesis (H,), one has that « € L*(M). Then using Lebourg’s mean value
theorem, continuous embeddings and Holder’s inequality, we can proceed as before, ob-

taining
3
0<|FH(u) < /MOé(Jf) |F* (u(2))| dvg < ellallpollullip + Lellopaflull - (5.13)
Consequently, for every u € H5(M) \ {0} we have

0<

_1
< ;" (ellalli= + Lellallzallull 7 )

This estimate together with the arbitrariness of € > 0 immediately imply (5.12).
In particular, (5.11) and (5.12) imply that the second inequality in (@) holds. In order
to check the first inequality in (5.§), we recall by (Hs) that there exists ¢; > 0 such that

F(t§) > 0. Moreover, by (H,,), since o # 0 and it depends only on d, (o, -), there exists
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an open zo-centered annulus on M with radius 0 < r < R, ie. A, (r,R) = {z € M :
7 < dg(wo,r) < R}, such that essinfy, ( gy = g > 0. For sufficiently small ¢ > 0

(e.g. € < (R —r)/3), we consider the function w, : M — R defined by

t+

L (dg(wo,z) — 1) if dy(wo,x) € (r,7 +€),
(5) = | td if dy(zo,x) €[r+e R—¢€,
‘ S(R = dy(z0,7)) if dy(z0,7) € (R—¢ R),

0 if x¢ Ay (r,R).

\

Note that w, € HL(M) and w, > 0. Moreover,

FH(w,) = a(z)F(we(x))dv, = a(z)F(we(x))dv,
(w.) /M<><<>> /IO(TR)()(())
> aoF(t§)V,(As(r + €, R —¢))
i max [F(O)I(V,(An -+ 0) + Vy (A (B = €. )

clo,td

By continuity reason, there exists ¢y > 0 such that for every € € (0, ),
FH(we) > agF(tg ) Vy(Agy(r, R))/2 > 0.

On the other hand, by (5.4) and the eikonal equation (|V,d,(70,-)| = 1 a.e. on M) we

have the estimate
Nu(we) < JlwellFpn < (tF)*(1 + € )V(Ag, (r, R)) < +o0.

Consequently, it turns out that

.7:+(w50/2)
Nu<w60/2)

N

+
< sup (u)

0<
ue HL(M)\{0} N, (U)

which shows the validity of the first inequality in (5.8).

5.3.4 Analytic properties of £/, (Step 4)

We shall prove three basic properties of £ on H} (M), namely, coercivity and bounded-
ness from below, as well as the validity of the non-smooth Palais-Smale condition.

Let A > 0 be arbitrarily fixed and p be in the admissible range (cf. the statement of
the theorem). First, we observe by (5.4) and (5.13) that for every u € H} (M) we have

E4(w) = SN(u) = AF"(u)

c 3
> (; eXlaz= ) fullin = ALallssful .
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In particular, for sufficiently small € > 0, e.g. 0 < € < EX"!||a|| ~, it follows that £ is
bounded from below and coercive, i.e., £ (u) — 400 whenever ||u|| g1 — +o0.

Let {uy}r. C H5(M) be a Palais-Smale sequence for £}, i.e., for some M > 0, one
has |E/, (ug)| < M and m(uy,) — 0 as k — oo, where m(u) = min{||¢||. : £ € IES (u)}.
We want to prove that, up to a subsequence, {uy } strongly converges to some element
in HL(M). Being £/ coercive, the sequence {uy}r, C HA(M) is bounded in HL(M).
Therefore, due to the fact that H} (M) can be compactly embedded into L¢(M), q €

(2,2%) (see Preliminaries subsection 2.5.5), up to a subsequence, one has that
uy, — u weakly in H5(M); (5.14)
u — u strongly in LY(M), q € (2,2%). (5.15)
By the definition of £/, we have that

(E) (wr;u —up) = %(N,i(uk), w— ug) 4+ A=F ) (wp; v — )

(N (wup, —u) = %(./\/;;(u)?uk — ) + M=F ) (u; up, — ).

Note that

L s L s _
§<Nu(uk),u — ug) + §<Nu(u),uk —u) = =N, (up — u).

By adding the above relations it turns out that
No(up —u) = XN((FH(we; —u+ wp) + (F7)(w; —up + w))
—(EN° (up; u — ug) — (EX)°(u; ug, — u). (5.16)

In the sequel, we are going to estimate the terms in the right hand side of latter expression.
First, by inequality (5.6) and (5.9) together with the fact that 0F*+(t) = {0} fort < 0, we

have
L= (F7) ks —u + ug) + (FF)°(u; —uy + )
< [ ala) [(F9(unla)sun(o) = uta)) + (F(ulo); ) = us(a)] dy
= [ ata) [max{su(e) — u(w) : 6 € OF (un(2)}
+max{(u(e) — ue(@) : € € IF* (u())}] do,
<lalle= | el + @) + )

+ Ju(@)[* ) lu(z) — up(@)|dv,

< 2el|al o (il + llullF) + Lellod| o (el o + llull 7Dl = ullzo.
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By the arbitrariness of e > 0 and the convergence property (5.19), the latter estimate shows
that

limsup I} < 0.

k—o0

Let & € OE} (ux) be such that m(ug) = ||&||«. Thus, we have that
Ip o= (E5) (un; v — wg) > (Eyu— ug) > =[]l — wp]l
Consequently, since m(ux) = ||&||« — 0 as k — oo, we have that

liminf I} > 0.

k—o00

Moreover, for every £ € IES (u), we also have that I} := (£4)%(u; up —u) > (€, up — u);

thus, by the weak convergence property (5.14) we have that
liminf/ ;Z’ > 0.
k—o0
Now, combining estimates above with relation (5.16), we have that

0 < limsup NV, (uy — u) < limsup I} — liminf I} — liminf I}} <0,
k—o0 k—oo k=00 k—o0
i.e., N(up —u) — 0as k — oo. Due to (5.4), it turns out that u;, — u strongly in the

H'-norm as k — oo, which is the desired property. 0

5.3.5 Local minimum point for 55 : first solution (Step 5)

Let
A= inf Nu(u)
weHL (M) 2F T (u)
Ft(u)>0
Due to Step 3, see (5.8), one has that 0 < A\ < oc.

If we fix A > A\, one can find w, € H}(M) with FT(w,) > 0 such that

N#(w)\) +
2F (1) =N

A >
Thus, by the latter inequality we have

Chi= inf €5 < E3(in) = ZN,(2) — AF* (i) < 0.

HEL (M)
Due to the fact that Sg 1s bounded from below and verifies the non-smooth Palais-Smale

condition (see Step 4), C} is a critical value of £/, see Theorem R.4.1], in particular there
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exists u} € HL(M) such that £ (u}) = C} < 0and 0 € IES, (u3). Since EF (u}) < 0 =
£5(0), it turns out that u} # 0. Although we just have continuous Sobolev embeddings
on H'(M), the lack of compactness is compensated by isometric actions, and applying
principle of symmetric criticality imply that u}, is a critical point also for the initial energy
functional (see Step 2), i.e., 0 € IET (u3). According to (the final part of) Step 1, u} €

H}(M) is a positive G-invariant weak solution to the differential inclusion (D).

5.3.6 Minimax-type critical point for £/ : second solution (Step 6)

Let A\ > A\J. Due to (5.10), for sufficiently small ¢ > 0 (e.g., % > eM||a|g~) and for

every u € H}(M) one has that

£4(u) = SN, (u) — AF*(u)

C
= <§u - 6>\V|@|’L°°> lullf = M|zl (B) ul3,

where ¢ € (2,2%) and K ;t > 0 are the embedding constants from (2.5) and (.§), respec-

o = min i % — eAali~ )
A M 20 ol el (B E ) '

The choice of p) > 0 and Step 4 show that

tively. Let

1 /c
inf g5(u) = 5 (% - edllalli=) 5} > 0= E5(0) > E4(in).
lull 1 =pasu€ HE (M) ¢l =355 lelz= ) 2 ¢ (0) > & (wy)

The latter estimate shows that the functional £} has the mountain pass geometry. On
account of Step 4, since 5&“ satisfies the non-smooth Palais-Smale condition, we may
apply the mountain pass theorem with v(0) = 0 and v(1) = ), see 2.4.2, guaranteeing
the existence of critical point u3 € HE (M), such that 0 € 9EZ (u3). Since EF(u3) > 0,
u3 # u}. The rest of the proof is similar to the end of Step 5, which shows that u3 €
H} (M) is indeed a positive, G-invariant weak solution to the differential inclusion (D),
different from .

Naturally we may study the case with similar steps as before, whenever the problem

(D) is considered with F~(t) = F(t~), where ¢~ is the non-positive part of ¢.
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5.3.7 Repetition of Steps 1-6 for £~ (Step 7)

Let F~(t) = F(t-),t € R, wheret_ = min(¢,0). The locally Lipschitz energy functional
E™ : HY(M) — R is defined as

where

F(u) = /M a(z)F~ (u(z))dv,.
One can show that if u € H'(M) is a critical point of £, i.e., 0 € €~ (u), then it is a
non-positive solution of (D), cf. Step 1.

One can prove in a similar way as in section 5.3 that 7~ is G-invariant on H L(M), and
if u € Fixgi(an)(G) =: Hg(M) is a critical point of £ := £ | gy () then 0 € 9E™ (u) as
well, cf. Step 2.

Instead of the spectral gap estimate (5.8), one can prove

F(u)
0< sup
ue H5 (M)\{0} Nu(“)

< 400,

cf. Step 3, and similar analytic properties are valid for £ as in Step 4 (i.e, coercivity,
boundedness from below, and the validity of the non-smooth Palais-Smale condition).
Here, we use again the compact embedding.

Finally, if

Ao = uelil%f(‘M) 2./\.7("“((12)’
F~(u)>0

by the previous part we know that 0 < \; < oo and similarly to Steps 5 and 6, we can
guarantee for every A > )\ a local minimum point u3 € H:(M) of E5 with 5 (u3) < 0
and a minimax-type point uy € HA(M) of & with £ (u}) > 0; in particular, uy # u}
and none of them is trivial. These elements are also GG-invariant, non-positive solutions to
the differential inclusion (D).

If we choose \g = max()\j, )\, ), we can apply the above arguments, providing four
different, non-zero G-invariant solutions to the differential inclusion (D) for every A >

Ao, two of them being non-negative and the other two being non-positive. The proof is

complete. 0J
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5.4 Super-quadratic case: proof of Theorem 5.1.3

We assume in the sequel that the hypotheses of Theorem are fulfilled. We again

divide the proof into some steps.

5.4.1 Functional setting (Step 1)

In view of the previous section, this part is standard. Indeed, the energy functional £ :

H'(M) — R is defined as

where
F(u) = /Ma(x)F(u(x))dvg.

Note that by (H;) and (H;), for every € > 0 there exists C,. > 0 such that
€] < elt] + CL|t|7 !, VE € R, € € DF(t). (5.17)

Consequently, one has

|F(t)] < et? + Ct|?, Vt € R. (5.18)

Since2 < ¢ < 2+ % < 2*, by using Lebourg’s mean value theorem and (5.17), one can
prove that F is well-defined and locally Lipschitz on H'(M). It is now standard to show
that any critical point u € H'(M) of £ is a solution of (D).

5.4.2 Isometry actions (Step 2)

One can prove in a similar way as in section 5.3 that £ is G-invariant on H' (M ). Moreover,
the principle of symmetric criticality (Proposition 2.4. 1)) implies that if u € Fix an(G) =:

HE(M) is a critical point of ¢ = £| w2, (v then w is also a critical point of €.

5.4.3 Super-quadracity of I at infinity (Step 3)

We are going to prove that

F(t) > %It!”, Vt € R, (5.19)
=
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where v > 2 and C' > 0 come from hypothesis (H,); this means in particular that F' is

super-quadratic at infinity (as v > 2). To do this, let 4 : R — R be defined by
h(t) =t2F(t) — LW—? t#£0
v — 2 7 7

and h(0) = 0. Note that A is well-defined and locally Lipschitz (indeed, by (H;) and
F(0) = 0 we have that F'(t) = o(t?) as t — 0). One has

Oh(t) = =2t 3F(t) + t20F (t) — OJt|"~*t, ¥t € R\ {0}.

We shall prove (5.19) for t > 0, the case ¢ < 0 being similar. Whenever t = 0, (5.19)
clearly holds. Let ¢ > 0; then by Lebourg’s mean value theorem, there exist § € (0, ¢) and
&n € Oh(0) such that h(t) = h(t) — h(0) = &ut. In turn, there exists g € OF(6) such
that &, = —2073F(0) + 072¢p — C6”~3 and by (H,) we have that

h(t) = &t = (=207 F(0) + 07%¢p — CO¥ )t
= —07(2F(0) + &p(—0) + COV)
> —073(2F(0) + F°(0; —0) + Co")t

> 0,

which concludes the proof. In particular, combining (56.18) with (5.19), we necessarily

have that
v <gq. (5.20)

5.4.4 Non-smooth Cerami compactness condition for £; (Step 4)

Let {ux}r C HL(M) be a Cerami sequence for &g, i.e., for some M > 0, one has
IEq(uk)| < M and (1 + |lug||gr)m(ux) — 0as k — oo, where m(u) = min{||||. :
& € 0&g(u)}. Our objective is to prove that, up to a subsequence, {uy} strongly con-
verges to some element in H(M).

To do that we first prove the following lemma.
Lemma 5.4.1. Under the assumptions of the theorem the Cerami sequence {uy,} C
HL(M) of Eg(u) is bounded in L* (M).

Proof. For every k € N, let §, € 0E5(uy) be such that ||&||. = m(ug). We observe
that

Ec(uriun) > (& ur) = —[1€ellllurlla = — (1 + [funl| ) (u)-
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Since (1 + |Jug|| g1)m(ur) — 0 as k — oo, there exists ky € N such that for every k > kg
one has that £ (uy; ui) > —1. Consequently, inequality (5.6) (which is also valid due to
(5.17)) and hypothesis (H,) imply for every k € N that
OM +1 > 2Eq(up) — E&(up; up)
= Np(ug) = 2AF (uy,) — %(N,i(uk);uw — M=F)° (ur; up)
= =X (2F (ug) + F°(ug; —uy,))

- /M a(z) (2F (u(z)) + F°(uk(2); —ue(2))) do,

> )\C’/Ma(;v)]uk(x)\”dvg.

Y

Since o € L*°(M) and essinf,cp;a(x) = g > 0, the latter estimate implies that
2M + 1 > ACa|uglly., Vk € N.

Consequently, {uy}. is bounded in L (M). O

Now we are in the postion to prove the following lemma.

Lemma 5.4.2. Under the assumptions of the theorem the Cerami sequence {uy, } C
HL(M) of Eg(u) is bounded in H(M).

Proof. By (b.18), for every small e > 0 there exists C, > 0 such that for every k € N,
1
M Z Eg(uk) = EN#(U]C) — )\./_"(U,k)
c .
> (% = eMlallze ) el = ACc oo e
In particular, if % > e\||a||po~, then there exists M, > 0 and C, > 0 such that
urllz: < M. + Collugl/%e, Vk € N. (5.21)

On account of (5.20), we distinguish two cases:
a) v = q. Since {uy} is bounded in L¥(M) and v = ¢, by (5.21)) we also have that
{uy }y is bounded in H}(M).
b) v < q. Letn € (0,1) be such that % = 1;1/77 + 5. By (5.21)) and a standard
interpolation inequality we have that
lugl| 7 < Me + Cellul|,
< M+ Ccllul) 2 e I35,

< M, + Co(KE) |l |7 s |15, (5.22)
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where K ;f > () are the embedding constant. Since ¢ < 2+ %, we havethat v > 2 > @.

We observe that v > @ together with é = 1—;Tl + 5% is equivalent to g < 2. The latter
inequality and (5.22) imply that {u;}, is bounded in H},(M). O
Now, we can proceed as in Step 4, see section 5.3; in this way we conclude that {uy,};

strongly converges (up to a subsequence) to some element in H(M).

5.4.5 Existence/multiplicity of critical points for £; (Step 5)

Under the assumptions of the theorem, one can prove as above that £ has the mountain
pass geometry. By Step 4 and on account of the mountain pass theorem for locally Lips-
chitz functions, see e.g. Kourogenis and Papageorgiou [21], we conclude the existence of
a non-zero critical point for £;. When F' is even, we may apply the non-smooth fountain
theorem involving the Cerami compactness condition, see e.g. Kristaly [23]], guaranteeing
the existence of a sequence of critical points for the functional ;. All these points are

G-invariant solutions to the differential inclusion (D), which concludes the proof. 0J



Chapter 6

Schrodinger-Maxwell differential

inclusion system

Electrostatic variations of Schrodinger-Maxwell systems have been subject of several in-
vestigations, see Kristaly, Repovs [32], Azzollini and Pimenta [5], describing a charged

quantum-mechanical particle interacting with the electromagnetic field:

—Au(z) + eu(r)p(x) = f(u(z)), = €R?
—Ag¢(z) = eu?(), r € R3,

where A denotes the Laplace operator, ¢ : R*> — R is the electric potential, e is the
electron charge constant, while the function u : R3> — R is the field associated to the
particle. Recent researches focus to curved spaces, see e.g. Farkas and Kristaly ([[17]),
where existence results for Schrodinger-Maxwell systems are provided on non-compact
Hadamard manifolds, involving sublinear or oscillatory terms at infinity.

Considering a broad class of non-compact Riemannian manifolds, we study a non-
smooth Schrédinger-Maxwell inclusion system, equipped with a nonlinear term on the

non-compact Riemannian manifold (M, g), namely

—Ayu(x) +u(z) + u(z)p(z) € Aa(z)0F (u(x)), =€ M;

(SM)
—Ayo(x) + () = dmu? (), € M,

where A, denotes the Laplace-Beltrami operator on (M, g), A > 0 is a parameter, and the
unknown terms u, ¢ : M — R. In the sequel, o : M — R is a potential, and OF stands
for the generalized gradient of the locally Lipschitz function F' : R — R in the sense of

Clarke (see []12]), satisfying the following conditions:

69
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F)) - lim,_q, mPL0€0P0) _ ),

(
(Fy) : limy_ max{|9|:i€6F(t)} —0:

(Fy) : F(0) = 0;

(C4) : The function o : M — R is radially symmetric with respect to some zo € M
and inf; o > 0.

The main objective is to prove non-existence and existence results depending on the
parameter A for the inclusion system (SM), equipped with non-linear term, not only on
Hadamard manifolds, but also on Riemann manifolds with non-negative Ricci curvature.
It turns out, similarly to the chapter [3, that the lack of compactness has to be compensated
by applying isometric actions and the principle of symmetric criticality in order to use
variational methods. Similarly to Farkas and Kristaly [[17], due to the coupled system we
have to introduce a “single variable” energy functional. Our aim is to extend the result
of Farkas and Kristaly [[17] to non-smooth functions and examine the problem on two
different classes of curved spaces.

Section p.1] is devoted to present our main results, while in section .2 we prove The-

orem [.1.1]. This chapter is based on results proved in Szilak [49].

6.1 Main results

A pair (u,¢) € H' (M) x H*(M) is a weak solution of the inclusion system (SM) if
there exists a measurable mapping © +— £ € JF(u(x)) such that for all test-functions

v,% € H'(M) one has

/Mvgu(x)vgv(m)dvg—l—/Mu(x)v(x)dvg—l—/Mu(x)gzﬁ(x)v(a:)dvg

=\ /M a(z)€v(x)dv,

and

/Mvgu(x)vgw(:c)dvg+/M¢($)w(a:)dvg:47T/Mu2(x)w(x)dvg.

6.1.1 Maxwell equation

Let us consider the Maxwell equation, namely

—A,0(z) + () = dmu®(z), = € M.
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A straightforward extension of Kristaly and Repovs result (see [32]), based on the Lax-
Milgram theorem (see [[10]), implies that the equation above admits the existence of the
unique solution ¢, : H'(M) — H'(M) for allu € H'(M).

Note, that ||¢,||* = [, duti’dvy, ¢, > 0;and u — [, ¢, u’dv, is convex.

Our main theorem can be stated as follows:

Theorem 6.1.1. (Szilak [49]) Let (M, g) be an n-dimensional complete non-compact Rie-
mannian manifold, n > 3, and G be a compact connected subgroup of Isom, (M), xy € M
is fixed, and Fix);(G) = {xo}. Let assume that the potential « and the locally Lipschitz
function F satisfy hypotheses (C,), (F1)-(F3), respectively. Moreover, let assume that

one of the following curvature assumptions holds:
(a) (M, q) is Cartan-Hadamard type,
(b) Ric(n,g) = 0, AVR a9y > 0 and G is coercive.

Then there exist \; > X\g > 0 such that the differential inclusion system (SM) has only

the trivial solution for 0 < \ < X, and has two different non-trivial solutions whenever

A > AL

6.2 Proof of Theorem 6.1.1

6.2.1 Energy functionals

The energy functional £ : H'(M) x H'(M) — R associated to the inclusion system
(SM) is defined as

£(0.0) = lulf+ 5 [ oo,
—)\/ a(w) F(u(w))dv, — 1 /|w (v)*dv,

w5 [ 1e()du,

We note that the energy functional is well defined and locally Lipschitz. Since our ob-
jective is to apply variational methods and we are dealing with an inclusion system (SM),
similarly to Farkas and Kristaly [[17], we define a “’single-variable” locally Lipschitz en-

ergy functional £, : H'(M) — R to that, namely

Ex(u) = N(u) — A\F(u),
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where

Nw) = Sllu@)n + / D) (x)du,
]:(u):/Ma(x)F(u(x))dvg.

6.2.2 £, is G-invariant

Recalling again subsection 2.4.2, in order to be able to use the principle of symmetric
criticality, we claim that the energy functional £, is G-invariant on H'(M). Applying
an appropriate change of variable y = o~ !(x), forallc € G and u € H'(M) we have
that ||ou||gz = ||ul|#, see (B.7). By (C.), the function « is radially symmetric. Thus,
applying again the change of variable y = o~ 1(z), foralloc € G andu € H'(M) we have

Fl(ou)(x)) = /M o(2)OF (o) (2))dvg(x) = /M o(2)OF (o (2))dvy (x)
_ /M o (y)OF (y)dv, (y)

and it follows that F is G-invariant.
Applying again the change of variables y = o0~!(z), one can prove for all ¢ € G and

u € HY(M) that ¢, (c(2)) = ¢,(x) and we have

/ Gou() (00)2d0, () / ()2 () dv, (1),

which proves that [, ¢,u*dv, is also G-invariant.
Combining these facts, our claim follows. U
Similarly to chapter [, we introduce again the subspace of G-invariant functions,

namely
H&(M) := Fixgnan (G) = {u € H'(M)|ou = u forall o € G}

and also the restricted single variable energy functional onto Hj (M) as €, ¢ = &, HL (M)

6.2.3 Analytic properties of £, (u)

In this subsection we show some basic properties of the single variable energy functional
Exrc(u), namely boundnesses from below, coercivity and the non-smooth Palais-Smale

condition.
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Based on (F3), we can find § > 0 for every ¢ > 0 such thatif s > § > 0, then |[¢| < s
where £ € 0F(s). By (F3;) we have F'(0) = 0. Thus, an appropriate continuous Sobolev

embedding and the Lebourg’s mean value theorem imply that

F(u) = /<5 a(z)F(u(x))dv, + />5 a(z)F(u(x))dy,

< el any max [F(s)] + elledll o an [[ul 7
Accordingly, the estimate

En () = N (1)
= 2l + / ()02 () dvy — AF(u(z))

> HUHH1(2 Aellallzoeany) = Al an max [ F(s)]

shows that if ¢ is small enough, more precisely € < , then the energy functional

2/\HC‘4||L0<>(M)

&z 18 bounded from below and coercive, i.e., £y ¢(u) — +o0o whenever ||u|| g1 — +o0.

6.2.4 &, g satisfies the non-smooth Palais-Smale condition on H}, (M)

Based on (F;) and (F3), for every € > 0 one has two numbers 01, 02 > 0, such that
€| < esforall £ € OF(s),V0 < s < 4y and s > Js.

Let us fix € > 0 together with the numbers J; and d,. By assumptions (F); and (F),, it

turns out that there exists [. > 0 such that for some ¢ € (2,2*) we have
0< €] <es+ 1571 Vs> 0,6 € OF(s). (6.1)

Let {ur}r, C HL(M) be a Palais-Smale sequence, i.e. &, ¢(us) is bounded and
m(u,) — 0as k — 0, where m(u;) = min{||{||, : £ € OE, x(ux)}. Due to the coer-
civeness of £, g, it turns out that {u; } C HL(M) is bounded. Thus, the Sobolev compact
embeddings (see Preliminaries subsection ) imply that up to a subsequent, {uy}
converges weakly in H'(M) and strongly in LI(M), q € (2,2%).

Let us consider the generalized directional derivative of the energy functional &)  for

all u,v € H'(M):

Lo 0) = LV (w)su) + A(-F)(u,v).
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Applying the latter inequality with parameters u = uy and v = u — uy, then v = w and

v = Uy, — u one has

1 1
=l = =5 [ Gu-al = u(a)dr,
M
+ AF (ug; up, — u) + AF°(u;u — ug)
— &y glursu —ug) — & o(u; up — u).
On one hand, since m(ug) — 0, it follows that
lim inf(S}\’G(u, up —u) + &5 o(ug, u — uk)) > 0.
k—o0 ’ ’

On the other hand, for all measurable mappings z — & € JF (u(x)) and z +— & €

OF (ug(x)) we have the following estimate
Sk 1= AF (ug; up, — u) + AF°(u;u — ug)
< [ a) [P (s = )+ F (s ) oy
=A / a(z) [max{&;(u, — u)} + max{{(u — ux) }| dy,
< e(flunllm + ull ) llux = el + Le(lurlFa" + lullfa ) lu = o

where I, is defined in the equation (b.1)).
Thus, by the arbitrariness of ¢ > Oand u, — win LY(M), as k — oo where g € (2,2*),
one has that limsup,,_, . S, < 0. Since ¢, . (ur — u)? > 0, it follows that uy — w in

H} (M), which ends the proof. O

6.2.5 Relations between energy functionals

On one hand, assuming that the pair (u,¢) € H'(M) x H'(M) is a critical point of the
locally Lipschitz energy functional £, more precisely 0 € 9L(u, ¢), one can prove that
the pair (u, @) is the weak solution of the inclusion system, see section 2.4.1.

On the other hand, the pair (u, ¢) is the critical point of £ if and only if ¢ = ¢, and u
is the critical point of the single variable energy functional £,. With the same notation as
above, for every test function v € H'(M) we have

o8, (u)() = |

M

A /M a(z)v()du,.

Vgu(x)vgv(x)dvg—l—/Mgbu(x)u(x)v(x)dvg (6.2)
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Accordingly, in order to solve the problem (SM), it is enough to find critical points for
the singe variable energy functional. However, due to the lack of compactness we have
to use isometric actions. Since subsection proves that £, is G-invariant, applying
the non-smooth symmetric criticality principle implies that if u is a critical point of
Exc, then it is also a critical point of the locally Lipschitz energy functional £,. Now, we
are in the position to find critical points for the energy functional £, ¢, thus guaranteeing

weak solutions to the inclusion system (SM).

6.2.6 First solution for large parameters

In what follows, we prove the existence of the first solution. Let ¢ € (2,2*). According
to assumptions (F;) — (F3) and appropriate Sobolev embeddings, for all u € HE (M) we

have

0< Fw) < [ al@Fu)dn, < [ a@)Fu)ie,
< ol (ellulidn + LU ull ),

where K (f are the continuous embedding constants.

Since
N = @) + 5 / ()i (),

it follows that limy, 2 o % = 0 and limy, 2

2| 500 /\% = (. Consequently, one has a

number \; > 0 such that

0< A\ = f :
<M ]-'(111;1)>0 F(u) < 095

if A > Ay, one can find w € HL (M) such that F(w) > 0 and A > N((w) > Ap. It means,
that

Cy = inf &Eglu) <N(w)—IAF(w) <0,

ueH} (M)
We have shown that the energy functional £, ¢; is bounded from below, and satisfies the
Palais-Smale condition, thus C} is a critical value. In particular, we can garantee a critical
point u} € HL(M) for the energy functional £, ¢ such that £, g(u}) < 0 = &\ (0).

According to section 6.2.3, u}, is a non-trivial weak solution to the problem (SM).
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6.2.7 Second solution for large parameters

This subsection is devoted to present our second non-trivial weak solution. Let ¢ € (2, 2*)

and A > A;. One has that

Exou) = 2l + 5 / ful(2)02(2)dv, — AF ()
> ulfn (5~ Acllolw) — Mot uly

172A€||C|{HL00 1

), one has 6 > 0, e.g. 0 = (SAHaIILools(Kq )q)ﬁ

Fixing a smalle > 0 (e.g. € < 2A\\a\|
such that

inf 5)\ G( ) > SA’G(O) =0> 5)\,6*(0)).

llull 1=

Consequently, the energy functional &, ¢ satisfies the mountain pass geometry. Section
proves that &, ¢ fulfills the non-smooth Palais-Smale condition, thus applying the
non-smooth mountain pass theorem we can guarantee another critical pointu € Hj(M),
1.€.,

0 € 9\ (u3),
Ene(uy) =C5 = }/gtren[g?li] Era(1(t)) > 0,

where I is the set of continuous functions given by

£ = {5 € CO0AL L) 5(0) = 0.5() =}

Based on the fact that C'} < 0 < C%, section implies that we have a second nontrivial

weak solution u3 for the inclusion system (SM).

6.2.8 Non-existence of solutions for small parameters

We are going to show that the inclusion system (SM ) has just the trivial solution whenever
0 < X < Ao, where \o will be defined later. Let assume that (u, ¢,,) € (H'(M)x H'(M))
is the weak, non-trivial solution of the problem. Recalling (6.2) with v = u gives for all

u € H'(M) that

|U||H1 / Gu(r)u”(z)dv, —)\/Moz(m)gu(x)dvg,

where € € 0F (u) and x € (M, g). Accordingly, by combining assumptions (F;) — (F3)

with the fact that OF' is upper semicontinuous, one has a constant K; > 0 such that
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€] < Kisforall € € OF(s), s > 0. Consequently, we obtain that

lullZ ary +/M¢u($)u2($)dvg < Mz Kllul -

Ifo< A< m —=: )\, then the inequality has just the trivial u = 0 solution. Thus, the
Maxwell equation also has just the trivial solution ¢, = 0. Indeed, we can just garantee
the trivial solution pair (v = 0, ¢, = 0) for the inclusion system (SM ), which clearly

proves our claim.
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